Arc Length, Functions of Bounded Variation and Total Variation
by Ng Tze Beng

This article gives a formula for the length of a curve inR”. This is a general formula, which
does not assume differentiability and in the derivation of this formula, some interesting
results about function of bounded variation will be used. We shall give a more complete
picture with the method and concepts used in its derivation than otherwise given in most
elementary text.

Definition 1. A curve in R” is a continuous function f: [a, /] - R", where the non-trivial
interval [a, b] is called the parameter interval and f is called a parametrized curve.

We can consider an estimate of the length by taking points on this curve and take the length

of a inscribed polygonal curve passing through these points. To do this we take a partition A
ca=x0<x1<xy<...<x,=b forthe interval [a, b]. Let P, be the point f(xo) and P; = f(x;).
Then the length of the polygonal curve PoP;...P, is an approximation of the arc length PP, .

We shall consider R” as the usual space with Euclidean metric. That is, the distance between

two points is the usual Euclidean distance. We have the usual Euclidean norm function,
I'[:R" >R,

defined by ||V]|= N (V2 + V2 + V2 + ...+ V,2), where V;is the i-th component of V. The

distance between two points /" and Win R” is then given by || V' — W]|.

The length of the polygonal curve PyP;...P, is given by
|PoPy| + [P\ Po| + -++ + [P, P,| or ;lpi_lp,-l.

Now, the length of each line segment |P;.1Pj| is the length of the line joining f(x.1) to f(x;).
Thus, by the Euclidean distance,

\PistPi| =[] f (x:) —f (ximn)-

Therefore, the length of the polygonal curve PoP,...P, is given by

21 [CZEDRTACTED)) P—— )

We define the arc length of the curve f(x), for a <x < b to be the least upper bound of all
possible polygonal approximation as given by (1), if it exists. Therefore, the length of the
curve f is just the total variation 7;[a, b]. If it exists, the curve is called a rectifiable curve,
otherwise it is not rectifiable. Thus, by the definition of a function of bounded variation, f is
rectifiable, if and only if, f is of bounded variation. Not all continuous curves on a closed
and bounded domain are rectifiable.

Now we consider the component functions of f . First an easy observation.

Theorem 2. A curve f: [a, b] &> R" is rectifiable if and only if each component function is
continuous of bounded variation.
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Theorem 2 is an easy consequence of the definition of bounded variation and the following
inequality,

WViIVIl= N(VE+VRE+VE+ VYV + |V | + Vs [+ ..+ |V

Using the first part of this inequality, we can show that if f is of bounded variation, then each
component function f; is also of bounded variation. Using the second part of the above
inequality, we can show that if each f; is of bounded variation, then /" is of bounded
variation. Also note that f is continuous, if and only if, each component of f* is continuous.
One may use the above inequality to prove this or simply observe that a map into a product
space is continuous, if and only if, each component is continuous.

The next result is to show that there is a relation between the derivative of the variation
function of f and the norm of the derived function of f. Note thatif f is of bounded
variation, then it is differentiable almost everywhere. In particular, ifg: [a, b] — R is of
bounded variation, then g’ is measurable and summable or integrable. This is a consequence
of the fact that if g is of bounded variation, then it is the difference of two increasing
functions. (See Theorem 13 in "Monotone Function, Function of Bounded Variation,
Fundamental Theorem of Calculus”.). Note that for any increasing functiong on [a, b], g is
differentiable almost everywhere and g’ is measurable and Lebesgue integrable. (For a
reference, see Proposition 24 in "Change of Variable or Substitution in Riemann and
Lebesgue Integration".)

Lemma 3. Suppose g: [a, b] > R is of bounded variation. Then the variation function,
Ve :la, b] > R, defined by Vy(x) = T,[a, x] for a <x < b and V,(a) = 0, satisfies
(Vy)'(x) = |g'(x)| almost everywhere.
This results carries over to curve in R”.
Lemma 4. Suppose f:[a, b] > R”" is of bounded variation. Then the variation function,
T;: [a, b] > R, defined by Ty(x) = Ty [a, x] for a <x < b and T;(a) = 0, satisfies
(Ty)'(x) = || f '(x)|| almost everywhere on [a, b].

Lemma 3 is well known although not as well known as the weaker statement when g is also
absolutely continuous.

To prove Lemma 4 we require several results.

Lemma 5. Suppose f:[a, b] > R” is such that each component is Lebesgue integrable.

Then Hfjf(x)dx” < jj”f(x)”dx.

Proof. | [’ /(x| g (" (. [ @) ), where <, > is the inner product for R
Let a= |’ f(x)dx. Then

lall? = (J? rede. | ey, ) ={a [ reod )
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= jb<a, f)dx =2 a, jb fi(x)dx , where a; and f; are respectively the i-th
a i=1 a

components of o and f,

- 21 [" @ firydx= | b(zl a; f,-(x)de
= §:<a, f(x))dx < j:Ha I 1l (x) lldx, by the Schwarz inequality,

—llall 1oyl .

b
Hence lall < ja |/ (x)lldx. This proves the required inequality.
Now we state a weaker version of Lemma 4.

Lemma 6. Suppose f:[a, b] > R”" is absolutely continuous. Then the variation function,
T;: [a, b] > R, defined by Ty(x) = Ty [a, x] for a <x < b and T;(a) = 0, satisfies
(Zr)') =L/l

almost everywhere on [a, b].

Proof. Recall that f: [a, b] > R” is absolutely continuous if for any € > 0, there exists
some & > 0 such that for any finite dlSJOlnt open intervals, (a1, b1), (a2, b>),..., (a, b,) in [a, b],

such that Z(b —a;) <0, then we have Z | 7(b:)— f(ai)l <& Obviously, each component

of fis also absolutely continuous.
Firstly, observe that if f is of bounded variation, then

/@)= fO) < Trx) =T;(y) forx>y.

From this we easily deduce, that for almost all x in [a, b],

1/ ) 1< (T7) (%) - ()
Now fixed a x in [a, b]. For any partition, A : a =xo <x; <x, <... <x; =x, for the interval
[a, x],

K k
2 I Gei) =f (i) | = 2
because f;(x;)—f (xi-1) = jj,l f j/.(t)dt for eachj as f is absolutely continuous,

k .
< f '1||f/(t)||dt,by Lemma 5,
i=1 Xij—

= ["llr' @ llde.

Thus, as Ty (x) is the supremum for such sum, for any partition, A : @ =xo <x; <x, < ... <X} =
x, we have

T < [ IIf '@ lde.

Therefore, for any y > x we get, by taking the interval|x, y] in place of [a, x] above,

Tyl < [IlF 0 llae.
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T/0) = TAx) _ Tyl _ I ||f/_(t)||dt

Thus, y=x = y-x S . Taking limits as y tends to x from above we
y
. TW-T L @llar L
have, ;erq w ;L m j— , whenever the limits exist.

Similarly, interchanging the role of x and y for x > y we get

TW-T0) _ | J @l

lim lim ———=5——, whenever the limits exist.

y=x- y=x-

Therefore, (77)'(x) < || f '(x)|| almost everywhere. Thus, (7})(x) = ||/ '(x)|| almost everywhere.
This completes the proof of Lemma 6.

Note that since f is of bounded variation on [a, b], f;' is measurable and integrable and so
n

| £ (x)|| is integrable since it is dominated by the integrable function Y, |f(x)| because of the
i=1

inequality [|f'(x) Il < é Ifi' @)\

Now we shall prove Lemma 4. Our strategy is to write/ as the sum of an absolutely
continuous function and a singular function. Indeed for any functionf": [a, b] & R" of
bounded variation, f = g+ &, where g is absolutely continuous and / is a singular function
such that /'(x) = 0 almost everywhere. We can let g be defined by g(x) = fz f'(Hdt and h(x)

=/ (x) - gx).

Proof of Lemma 4. We shall prove the lemma for the case when f is also singular, that is,
f'(x) = 0 almost everywhere. That means for eachi=1,2, ..., n, f; (x) =0 almost
everywhere.

For any y > x, we have,

T0) = 1) = Tix.y] < X Tyley] = £ 100 - 150
where /' =(f1,f2 ...,f»). Therefore, fory >)x -
- T/(x) Tf, Tf, X
Hence, for almost all x in [a, b],
T(y)—Tx) T L T (y)-Ty.
Similarly, by interchanging the role of x an d , we have, for almost all x in [a, b],
T(y)-T, L Tr(y)-T;,

= Rac y-x

Thus, 0 < (7)) (x) < 2(Ty) (x) = 2.l f; '(x)| = 0 almost everywhere by Lemma 3.
= =

0 <lim
y=x

Hence, (77)'(x) = || f '(x)|| = 0 almost everywhere.

Now we proceed to consider the general case when f* is of bounded variation. Write f =g+
h , where g is absolutely continuous and # is a singular function. Then for y > x,

Ty(y) = TAx) = TAx, y] < Te[x, y] + Talx, y] = To(y) = To(x) + Th(y) = Ta(x).
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Therefore, for y > x,
I0) — T/x) _ To()—Te(x)  Tu()— Ta(x)
y—x =7 y—-x T y=—x -

Thus, as before, for almost all x,
LT =T L0 =T | Ti0) = Te)
y=x y—x Tyox y—x y=x y—x ’
This means, for almost all x,
(T7)'(x) < (Tp)'(x) + (T ) (x) = (Ty)'(x) + 0, since 4 is singular,

=|| g '(x)|, by Lemma 6, since g is absolutely continuous,
=1 f'(x)|,, since f'(x)=g'(x) almost everywhere.

On the other hand, by (2), for almost all x in [a, b]

£ () [ < (T7) ().
Therefore, (7)'(x) = ||/’ (x) | almost everywhere.

Now it remains to look at the arc length of the curve f: [a, b] > R" itself. Note that this
is just the total variation 7} [a,b] of the function. By the definition of a curve, f is continuous
and so uniformly continuous since the domain [a, b] is compact. Thus, there is actually a
practical way to obtain an approximation of the arc length. That is for eachn, we consider a
regular partition of [a, b], A, : a =xo <x; <x, <... <X, = b, such that the norm of the partition
llIAq|| = (b — a)/n. Then the arc length L, of the polygonal curve defined by the partition A,
tends to the arc length of f* as n tends to infinity. We could not obtain totally an integral
formula for the arc length of f in general. There will be an error term, which vanishes if 1
is absolutely continuous. The integral part of the formula will actually come from the
absolutely continuous part of /. The next theorem will imply that the total variation of the
function £ is the sum of the total variation of its absolutely continuous part and that of the
singular part.

Theorem 7. Suppose g: [a, b] > R” is absolutely continuous and % : [a, b] — R" is such
that each component of / is of bounded variation and that 4'(x) = 0 almost everywhere in [a,
b]. Then Ty . ila, b] = Ty[a, b] + Tila, b].

Proof. First note that g + 4 is of bounded variation. It then follows that for any y > x in [a,
b],
Ty ilx, y]1 < Tlx, y] + Tilx, y].
Similarly, Ta[x, y] = Tang[X, YIS Tgralx, y1 + Tolx, ] = Teulx, ] + Tilx, ).
Thus, we have
| T+ ulx, 1 = Tilx, y]| < Telx, y] 3)

We shall show that T, . 4(x) = Te(x) + T)(x) for all x in [a, b]. To do this, it is sufficient to
show that T, . ,(x) — Ti(x) is absolutely continuous.
Let f(x) = Tg+u(x) — Ti(x). Then for any y > x,
S O) == Tess(y) = Te+ 1(x) = (Tu(y) = Tu(x))|
= | Tg‘*'h[x’y] - Th[an’] |
< T x, y]= To(y) — Te(x), by inequality (3). --------------- (4)
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Since g is absolutely continuous, it follows that the variation function 7y is also absolutely
continuous. Therefore, using (4) and the definition of absolute continuity, we can easily
show that f is absolutely continuous.
Then, for almost all x in [a, b],
S = (Te4n)x) = (T1) (x)
= [[ @+ M@ - F'(X)|, by Lemma 4,

= || g'(x)|| , since A'(x) =0 almost everywhere,

= (T;)'(x) , by Lemma 6.
Now since f(x) — T, (x) is absolutely continuous as both f'(x) and T, (x) are absolutely
continuous and that its derivative f'(x) — (7;)'(x) = 0 almost everywhere on [a, b], f(x) — T,
(x) is a constant. Because f'(a) = T;(a) = 0, we conclude that /' (x) = T, (x) for all x in [a, b].
This means T + 4(x) — Ti(x) = T, (x) and so Ty u(x) = T, (x) + Ti(x) for all x in [a, b]. In
particular, T, . (b)) = T, (b) + Tu(b), i.e.,

T; +ila, b] = Tyla, b] + T)[a, b].

This completes the proof.

Theorem 8. Suppose f:[a, b] - R" is a rectifiable curve . Then the arc length of 1, L,is
given by the following formula,
b
Le= [ If "0 lldt + Thla,b],
for some singular function /4 such that /=g + h, where g is absolutely continuous and /'(x)
= 0 for almost all x in [a, b]. We may take A(x)=f(x)— ja f'()dt. In particular, f is

absolutely continuous, if and only if, L,= jj IF'(6) Nl dt.

Proof. Letg(x)= fz f'(H)dt. Then g is absolutely continuous since it is an indefinite
integral. Let A(x) =f(x)— jz f'()dt. Then f =g + h. Therefore, by Theorem 7,
Ly =Tfa, b] = Ty ila, b] = T[a, b] + T)la, b]

=T(b) + Tila, b]
= j:(T 2) (0)dt + Ty[a, b], since T, is absolutely continuous,
= j:llg’(t) ldt+ Th[a,b], since (T,)'(£) = || g'(¢)|| almost everywhere,

= f: If'(O)ldt + Thla,b], since g'(t)=/"(t) almost everywhere.
If f is absolutely continuous, i.e., each component of f is absolutely continuous, then
h(x)=f(x)— fjf’(z)dt =f(x)—[f(x)—f(a)] =f(a) is a constant function and so T[a, b] = 0.
Conversely suppose T)[a, b] =0, then T;[a, x] = 0 for all x in [a, b]. Therefore, by Theorem
7, Tr(x) =Tg+ u(x) = Ty ala, x] = Tela, x] + Tila, x] = Tgla, x] + 0 =T,(x). Since g is
absolutely continuous, 7,(x) is also absolutely continuous and so 7;(x) =T,(x) is absolutely
continuous. (See Theorem 23 of "Change of Variable or Substitution in Riemann and
Lebesgue Integration" or Theorem 29.14 and its proof in "Principles of Real Analysis" by
C.D. Aliprantis and Owen Burkinshaw.) It follows easily that £ is absolutely continuous.
This completes the proof.

Now we specialize to the graph of a function, the curve given by a continuous function
f:[a, b] > R . Then the arc length of the curve in R? is the arc length of the function g : [a,
b] — R? given by g(x) = (x, f(x)). Thus g is rectifiable, if and only if, / is of bounded
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variation. The arc length of the curve is the total variation of g. Thus applying Theorem 8 to
g we get:

Theorem 9. Suppose f: [a, b] & R is continuous and the graph of /* is rectifiable (hence f
is of bounded variation). Then the arc length L of the curve is given by,

L=! TX () di+ Tila,b],
for some singular function % such that 4'(x) = 0 almost everywhere and /(x) = f'(x) — ji f(0dt
. In particular, f is absolutely continuous, if and only if,

=" [T+ @) d.
Proof. The graph of f is the curve in question. Letg : [a, b] & R* be defined by g(x) = (x,

f(x)) for each x in [a, b]. Then g is of bounded variation. Then we can take a decomposition
of g as follows,

g (¥) = (x, F(x)) + (0, h(x)),
where F(x)= [ f'(t)dtand h(x)=f(x)- | f'(t)dr.
Then G(x) = (x, F(x)) is absolutely continuous and H(x) = (0, A(x)) is singular since 4'(x) =0
almost everywhere. Therefore, by Theorem 8, the arc length L is given by the arc length of
8>

L=L, =[G '@)ldt+ Tula,b] = | [T+ (F @) di+ Tula, b]
= [ [T+ (@) di+Tyla,b],

since F'(x) =f' (x) almost everywhere and the total variation Ty[a, b] =T [a, b] = Ti[a, b].
f is absolutely continuous, if and only if, /(x) is a constant function, if and only if,

=L, = [ [T+ @) dt+ Tula,b] = [ [T+ (@) dt.

This completes the proof.

Now we proceed to show that a sequence of polygonal length tends to the arc length. This is
a consequence of the following result.

Theorem 10. Suppose f: [a, b] > R" is arectifiable curve. Then for any &> o there exists
a 0> 0 such that if P: a = xo <x; <x»<...<x, = b is a partition for [a, b] with ||P|| < &, then

Tifa,b] —&< ; ICf Ge) =f (ki) < Tila, B].
Proof. Since T/a,b] = sup{zn: I fG)—fim))ll: Ara=xo<x1 <" <x,=b
ils= 1a partition for [a, b]},
given any € > 0, there exists a ];])vartition, Q:a= Tho<T)<Tr<..<Ty=b, such that
Tfa,b]-e< ; I (T =f (Tl < Tda,b]. ----mmmmmmmmmmmees )

Let L =T4a,b]. Now f is continuous on [a, b] implies that f is uniformly continuous on
[a, b]. Therefore, there exists a & > 0 such that whenever [x — y| <9, we have

o) /@l <75 - (6)
Suppose now P:a=1ty<t; <t, <...<t, = b is any partition such that the norm of the
partition, ||P|| <3. Then the length of the polygonal curve defined by this partition is given by

Lp= l; (@) —f E=O))I-

Let S= Q UP and write the partition as
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Sia= so<s1<s:<...<sy=b.
Then the length of the polygonal curve defined by S is given by
M

Ls= ;4 ICf () =f (s -

Obviously, by the triangle inequality, L, < Ls and Ly < Ls. We shall show that our partition
P satisfies the conclusion of the theorem.

Note that S is formed by adding points in O to P. Adding a point 7; to P will increase the
polygonal length of P by at most €/(2N). This is seen as follows.

Suppose for some j, -1 <Ti<t,

J-1
Lpyiry = Z? 17 @) =f @D+ AT =f @Dl + L @) = (Tl

+ 5 17~ @l

Then,
Lpury —Le = f(T) = f G-I+ 1S @) =TI =11 (4) = f @G-l

<A@ —f @G-Ol+ L @) = (TH]

&€ & __&
<aNtav =2y )

Therefore, since O has at most N—1 points different from points in P, we conclude that
£ &

Ls—Lp =LPUQ—LP < (N— 1) . 7\[ < 7

% % — % =L —¢ by (5). Thus, the partition P: a =1ty < t; <

6L <...<t,=bsatisfies Ta,b]—e<Lp=2 |(f(t:)—f(ti-))| < Tda,b]. This completes
i=1

Hence, Lp>Ls—5>Lo—%5>L~

the proof.

Now it remains to investigate how Lemma 3 can be proven. We shall use the Lebesgue
decomposition of an increasing function to prove the assertion of the Lemma. We shall
recall some interesting properties of increasing function. We shall define the saltus function
of an increasing function. This is made possible because the set of points of discontinuity of
an increasing function is at most countable.

Theorem 11. Suppose f: [a, b] & R is a monotone function. Then the set of discontinuity
of f is countable.

This is Theorem 3 in my article "Monotone Function, Function of Bounded Variation and
Fundamental Theorem of Calculus".

We shall decompose an increasing function as a sum of a continuous function and a 'jump’
function.

Definition 12. Suppose f: [a, b] > R is an increasing function. Then the discontinuity of f
can only be jump discontinuity. By Theorem 11, the set of discontinuity of f is countable.

So let the set of discontinuity be {xi, xo, ..., x,, ...} wherex;<x, <... <x,<...1e. thex;'s
is ordered in an increasing order. We define the saltus function (or jump function) s : [a, b]
— R of f by

s(a)=0,
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s@)=/(a+) —f@+ X [f(x+) =f (e =)] +/(x)=f (x-), fora<x<b,

X <X

where f(x") :kllf}} f(k)and f'(x7) :glgg [ (k) are the respective right and left limits at x.

Plainly, s(x) is an increasing function.

Let ¢(x) =f(x) —s(x) for x in [a, b]. Then we shall show that ¢ : [a, b] > Ris an
increasing, continuous function.

Theorem 13. Suppose f: [a, b] & R is an increasing function. Let s be the saltus function
of . Then the function ¢ : [a, b] — R defined by ¢(x) =f(x) — s(x) for x in [a, b] is
increasing and continuous on [a, b].

Proof. For a <x<y<b,

s)=s@) = 2 [f(u+) —f @] +f ) =) ~[f @) -/ (x-)]

x<xp <y

> [fex+) —f(xx )] +f()—f(v-), if x is not a point of discontinuity

XX <y

= fx+H) =)+ X [fex+) —f(xi-)] +f)—f(y-), if x is a point of discontinuity

XX <y

< f(y) — f(x) by Theorem 2 of "Monotone Function, Function of Bounded Variation and
Fundamental Theorem of Calculus".

Therefore, ¢(x)=f(x) —s(x) < f(y) — s(y)= d(y) and so ¢ is an increasing function.

Now, if x is a point of continuity of £, then obviously, for x <y,
JOH) =) < s(v) = s(x)
and if x is a point of discontinuity of f; i.e., x = x; for some j, then

sO)=s()= X [flu+) —f )] +f )L =) = [F () =f(x-)]

XX, <y

=fG+) —f)+ X e+ =fa)] +/0)=f(-)

2 fxt) =f(x).
Therefore, f(x+) — f(x) £ s(y) — s(x) for x <y.
Hence, f(x+) —f(x) 3;1};1 s(v) —s(x) = s(x+) —s(x). Therefore,
O(xt) =f () = s(xt) < f(x) = s(x)= P(x).
Since ¢ is increasing, ¢(x) < ¢p(x+). It follows that d(x) = dp(x+).
Now, for x <y, if x is a point of discontinuity of 1",

sO)=s@) = X [fu+) —f@)] +f0) =S =) —[f @)~/ (x-)]

XX, <y
=f(x+) - f(x) +x<x2<y[f(Xk +) =S )]+ -f-)
= f(y)=f(y-).

Plainly, if x is a point of continuity of f, then f(x)—f(x—) =0 and so
s)=s@) = 2 [f(u+) —f @] +f )= -) —[f @) -/ (x-)]

x<xp <y

= 2 [fla+) —fOa)] +f )= -)

> £(3) £ ().
Therefore, s() —lim 50 2/ ()~ /(). Le s(3) = (3 2£() —f (3.
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Thus, ¢( y-) =f(y-)—s(y-) = f(y) —s(y)= d(y). Since ¢ is increasing, ¢( y—) < ¢(y). Thus,
d(y-) = ¢(y) for any y in [a, b]. It then follows that ¢p(x) = ¢(x+)=dp(x—). Thus, ¢ is
continuous at x for any x in [a, b]. This completes the proof.

Now we summarize the above in the following:

Theorem 14. Suppose f: [a, b] > R is an increasing function. Then f* can be decomposed
as a sum of a continuous function and a saltus type function as follows.

f(x) = od(x) + s(x) for all x in [a, b],
where ¢(x) = f'(x) — s(x) is increasing and continuous and s(x) is the saltus function of f .
Obviously s'(x) = 0 almost everywhere on [a, b] and f'(x) = ¢ '(x) almost everywhere.

We shall seek for a better decomposition of /. We would like to decompose the function
into a sum of an absolutely continuous function and a singular function. This is the Lebesgue
decomposition of a monotone function.

Theorem 15. Suppose f: [a, b] > R is an increasing function. Then

f(x)=F(x) + g(x) + s(x) forall xin [a, b], (7)
where F(x) is an increasing, absolutely continuous function, g(x) is a continuous increasing
function, which is singular, i.e., g'(x) = 0 almost everywhere on [a, b] and s(x) is a saltus
function of f".

Proof. Take the decomposition f(x) = @(x) + s(x) given by Theorem 14.
Let F(x)= fz f'(H)dt. Then F(x) is absolutely continuous being the indefinite integral of an
integrable function. Then F'(x) =f'(x) = ¢ '(x) almost everywhere on [a, b]. Let g(x) =
@#x)—F(x). Then g(x) is continuous since both /' and g are continuous on [a, b]. Also g'(x) =
@ '(x)— F'(x) =f'(x) — f'(x) = 0 almost everywhere on [a, b]. Note that g is also increasing.
For a <x<y<b,
gx) =g =¢ (x) = ¢(y) — [F(x) - F (»)]
= ()= ¢O0) +[FO)-F ®)] =¢ @) - ¢0)+ ] ¢ ()t
< ¢ ()= ) + ) - px) =0,
because fi ¢ '(H)dt < ¢(y) — d(x)for increasing function ¢
(see for example Proposition 24 in "Change of Variable or substitution in
Riemann and Lebesgue Integration").
Therefore, g(x) < g(y) for x <y. Hence, g is increasing.
Thus, f(x) = dx) + s(x) = F(x) + g(x) + s(x) is the desired decomposition.

Next we shall consider for a function of bounded variation f: [a, b] — R the most efficient
way of decomposing f'(x) — f(a) as the difference of two increasing functions.

Let Q:a=xo<x1<x;<...<x,=b be a partition for [a, b]. Define
n

p(Q)= FZ] max[0, (f'(x;) =/ (xi-1)],
n(Q) =~ ; min[0, (f (x:) =f (xi-1)],
HQ) = p(Q) +n(Q) = ; f Gei) = f Criaal.
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Note that p(Q) is just the sum over the terms for which f( x;) — f(x./) = 0, —(Q) is the sum
over the terms for which f'( x;) — f(x.;) <0 and so

p(Q)-n(Q) = ;(f () =f i) =f(b) =1 (a) .

Define for a function f: [a, b] & R of bounded variation,
the positive variation,

Psla,b] =sup { p(Q): O apartition of [a, b] },
the negative variation,

Nyla,b] =sup { n(Q): Q a partition of [a, b] }
and the total variation,

Ty[a,b] = sup { {(Q): O a partition of [a, b] }.

Plainly, all three variations exist since f is of bounded variation.

Since p(Q) + n(Q) = «Q),

Pf[aab] + ]V}[Cl,b] = Y}[Cl,b] (8)

We deduce this as follows. Plainly, p(Q) + n(Q) < Ty[a,b]. It follows that P/[a,b] + N/[a,b] <
Ty[a,b]. On the other hand, #(Q)= p(Q) + n(Q)< P/la,b] + N/[a,b], consequently T;[a,b] < P,
[a,b] + N/[a,b]. Thus, we have P/[a,b] + N/[a,b] = T;[a,b].
Similarly, since p(Q)- n(Q)=f(b) —f(a),

Pilab] - Ni[a,b] =f (b)  f (@). ©)

Now we define the positive variation function P : [a, b] - R of f by
Pi(a)=0, Pi(x)=Pslax] for a<x<bh.
The negative variation function N;: [a, b] = R of [ is defined similarly by
Ni(a)=0, Ny(x)=N/[ax] for a<x<b.
Finally the total variation function of f is of course defined by
Ti(a)=0, Ti(x)=T/]ax] for a<x<b.
Thus, it follows from (8), that
Ty(x) = Pr(x) + Ny(x) (10)

and from (9),
S (x) =f(a) = Ps(x) = Ny(x). (11).

Plainly, these three variation functions are increasing functions.

We state the above conclusion as follows:

Theorem 16. Suppose f: [a, b] = R is a function of bounded variation. Let 7j(x), P/(x)
and N,(x) be respectively the total, positive and negative variation functions of . Then f(x)
—f(a) = Pr(x) = Ny(x) and Tj(x) = P;(x) + N;(x).

The decomposition (11) is the most efficient in the sense of the following theorem.

Theorem 17. Suppose f: [a, b] = R is a function of bounded variation. Suppose we have
another decomposition of f(x) —f(a),

100~/ (@) = g(x) — h(x)
where g and 4 are increasing functions with g(a)=h(a) =0. Then P/(x) < g(x) and N,(x) < A(x)
on [a, b].
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Proof. Let Q: a=xy<x;<x»<...<Xx,=b be a partition for [a, b]. Then
S(x) = i) =g(x) = gleir) —[h(x) — h(xi)] < g(x:) — g(xin).
Therefore, as p(Q) is the sum over the terms for which f( x;) — f(x.;) >0,
p(Q) < ;( g(xi) —g(xi1)) = g(b)—gla) =g(b).
Thus P/[a,b] < g(b). It follows from this that P/[a,x] < g(x), for any a <x < b. This means
Ps(x) < g(x) for all x in [a, b]. Therefore, P/(x) — N/(x) =f (x) — f (a)= g(x) — h(x) < g(x) — N,
(x) and so Ny(x) < h(x).

Proof of Lemma 3. If /: [a, b] — R s a function of bounded variation, then (7;)'(x) = | f
'(x)| almost everywhere on [a, b].

Let P(x) = P;(x) and N (x) = Ny(x) be the positive and negative variation functions of f.
Take their respective Lebesgue decomposition as given by Theorem 15,

PG)=[ P'(tydt+ri(x) and

N@) = | N '(t)dt +ra(x)
where r,'(x) = r>'(x) = 0 almost everywhere on [a, b] and both r,(x) and r:(x) are increasing
functions satistying r,(a) = r>(a) = 0.
Let A(x) = min(P’(x), N'(x)). This is defined almost everywhere on [a, b]. Now define

wi(x) = | (P '(t) = h(®))dt + r1(x) and

wa(x) = | (N (6) = h(®)dt + r2(x).
Then obviously both w;(x) and w,(x) are increasing functions since both P'(x)—/(x) and
N'(x)—h(x) are greater or equal to 0 almost everywhere on [a, b]. Also we have w,(a) = wi(a)
=0.
In particular,
wi(x) — wa(x) = P(x) — N(x) =f (x) - f (a). (12)
Therefore, by Theorem 17, P (x) < wi(x).

Thus, wi(x)= | (P'(&) = h(®)dt +ri(x) > P(x)= | P '(f)dt+ri(x)and so | ~h(#))dt > 0.
Hence, fz h(?))dt <0. But fz h(t))dt > 0, since A(f) = min( P'(¢), N'(¢)) = 0 almost everywhere.
Therefore, yz h(?))dt = 0 for all x and consequently, 4(x) = 0 almost everywhere on [a, b].
That is to say, min( P'(x), N'(x)) = 0 almost everywhere on [a, b].
Now by (12), f'(x) = P'(x) — N'(x) almost everywhere on [a, b] and so

[P'(x) - h(x)] + [N'x) = h(o)] = [Px) = N )| =1/ ()
almost everywhere.
Hence, | /'(x)] = P'(x) + N'(x) —2h(x) = P'(x) + N'(x) almost everywhere since /(x) = 0 almost
everywhere. But because 7(x) = P(x) + N(x), (77)'(x) = P'(x) + N'(x) almost everywhere and
s0 (T7)'(x) = | f '(x)| almost everywhere on [a, b]. This completes the proof of Lemma 3.
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