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Suppose A is an arbitrary subset of the real numbers and f: A— R is a finite-

valued function. For the consideration of the limit of the function or the
associated function involving f, only the limit points of A are relevant. We note
that the set of points in A, that are not limit points are at most denumerable. We
shall be considering the one-sided limits of the function f and its associated
difference quotients, the Dini derivates. For deliberating some limit results for
the function f, or any associated function, it is sometimes useful to restrict to a
more useful and relevant subset in terms of measure theoretic considerations,
1.e., that the procedure or process can be carried out outside a subset of measure
zero. We use the Lebesgue density theorem to do this.

This article is the first of a series of four articles about general function on
arbitrary subset of R, its differential properties, the Denjoy Saks Young
Theorem and consequences. The proof of Denjoy Saks Young Theorem is
difficult, often presented in a very succinct and often times arduous manner.
We aim to give a proof that includes all the necessary details, intermediate
results, often of interest by themselves.

In this article, we set out the ideas and definitions towards a good understanding
of the statement of the Denjoy Saks Young Theorem. Our first result is about
the difference of the limit superior of a function and its one-sided limit superior.
It turns out that up to a denumerable set, the limit superior is always less than or
equal to the right limit superior. Similar deduction can be made of the limit
inferior of the function. That is, up to a denumerable set, the limit inferior is
greater or equal to the right limit inferior of the function. Similar result can be
deduced for the left limit superior or the left limit inferior of the function.



Theorem 1. Suppose f:A—R is a finite valued function and A is an arbitrary

subset of R. Let E be the set of points in A that are not limit points of A at least
on one side. Then E is at most a denumerable set. Let D=A-E. Then every
X in D is a two-sided limit point of A.

Then D ={xeD:limsup f(t)> limsup f (t) or liminf f(t) <liminf f(t) | is at most
—X t—x*

t—x tox*
denumerable.

Proof.

Observe that if X in A is not a 2-sided limit point of A, then X belongs to at most
a denumerable set. This is because X is either not a limit point or a one-sided
only limit point and so xe a(R - ﬂ), which is countable. It follows that for

every X in D, one-sided limit superior, one-sided limit inferior, limit superior
and limit inferior exist at X.

For any rational number Pin its lowest term, let

q

. p_ ..
A g ={X € D:limsup f (t) >— > limsup f(t)}.

t—X t—>x*

t—>x*

Now, limsup f(t) < P implies that there exists &, > 0such that
q

sup{f(t):te(x,x+h)mA}<§ forall 0<h<g, .

Hence,

f(t)<§ for all te(X,x+8)AA.  =mcmommeemeemee (1)

We also have that

limsup f (t) >§ implies that for all §>0,

Sup{f(t)itG(X—5,X+5)mA—{x}}>Ep_ ___________________ @)

It follows that for all 0< & <6, there exists a t; such that



t; e A—{X},X—9 <ty <x+0 andf(t§)>§.

But by (1), if t; e (x,x+35,)" A, then f(t5)<§ and so t; e (X-3,X)NA.

We claim that in the interval (x,x+6,), there does not exist a pointy €A such
that

limsup f ()< P <limsup f (t).
q

to>y* toy

If ye(x,x+8,)n A and limsup f(t)<§<limsup f(t), then by (1), for any y>0

to>y* to>y

such that (y,y+y) < (x,x+6,), we have that for all te(y,y+y)nA,

sup{ f(t):te(y,y+y)nA}<sup{f(t):te(X,x+5)NA}<

o |

and limsup f () >§ implies that for all £> 0,

to>y

sup{f(t):te(y—ﬁ,y+ﬂ)mA—{y}}>ap .

But if we take fsuch that y+ g <x+6, and y— > x, then for all

te(y—B,y+B)NA-{y}, te(xx+5) so that by (1) f(t)<§ and so

sup{f(t):te(y-4,y+HNA-{y}} <

Q|'o

contradicting sup{f(t):te(y—£,y+B)nA-{y}} >ap.

Thus, for every xe A, there exists a 6, >0 such that [x,x+5,)NA , ={x}. In

p.q 2
particular the collection of half open intervals {[x, X+0,):Xe Ap,q} are pairwise
disjoint. Hence the collection {(x, X+0,):X€e Ap,q} is a collection of disjoint open

intervals. Since R is of second countable, this collection is at most countable.
Therefore, A , is at most denumerable.



t—x t—>x*

Since {X e D:limsup f (t) > limsup f (t) }: JA,, it follows that
p.g

1x e D:limsup f (t) > limsup f (t) } 1s at most denumerable.

t—x t—x*

t—x t>x*

The set {x & D:liminf (1) < liminf f () } _ {x & D:limsup(—f (1)) > limsup( f (1)) }
—>X to>x*

and so by what we have just proved, {x € D:liminf f (t) < liminf f (1) } is at most
—>X tox*

denumerable. It follows that D is at most denumerable.
The next result is about points assuming strict extreme value of a function.

Theorem 2. Suppose f:A— R is a finite valued function. Then the set of points

consisting of strict maximizer for f or strict minimizer for f is at most
denumerable.

Proof.

Recall that X in A is a strict maximizer for f, if there exist a positive integer, n,

such that for all te(x—%,x+%}mA—{x}, f(t)< f(x). Thatisto say, f(x) isa

strict maximum in { f(t):te (x —l, X +lj N A} . Similarly, X in A is a strict
n n

minimizer for f, if there exist a positive integer, n, such that for all

te(x—l,x+1]mA—{x}, f(t)> f(x).
n n

Let E c A be the set of strict maximizer for f. Then E does not contain any
isolated points of A for if X is an isolated point of A, then there exists a positive

integer n so that (x—%,x+%)mA—{x} =J.
We shall filter the collection of strict maximizer for f. For each positive integer
n, let E, be the collection of strict maximizer X for f such that X is the centre of

the interval, (x—l,x+lj on which f(x) is the strict maximum, i.e., f(x) isa
n n



strict maximum in {f(t):te(x—l,x+1ij}. Then the interval (x—%,x+%)
n n

cannot contain another maximizer for fin E . If ye (x —l, X +lj NA-{x} 1sa
n n

strict maximizer for f in En, then f(y)< f(x) . Note that x e (y—l, y+l)m A—{y}
n n

. It follows that f(x)< f(y)giving a contradiction. Thus, for all yeE, ,
y£X=|y—x> 1 Hence, each point of E, is an isolated point of E,. We can
n

now conclude using the fact that isolated points of any set in R is at most
countable and so E, is at most denumerable.

We may also deduce this fact as follows. Note that the collection v =

{(x—zi, x+2ij X e En}is a collection of disjoint open intervals covering Ep
n n

such that each interval (x —%, X +%j contains exactly one point X in En . If

x e E,, then [x—zi,x+2LJm E,={x}. Thus, if x,yeE, and x=y , then
n n

yeé(x—i,x+ij and (X—L,x+i)m(y—i,y+ij:®since |y—x|zl. This
2n 2n 2n 2n 2n 2n n

shows that " is a collection of disjoint open intervals. Hence, E; 1s at most
denumerable since ~ is at most countable as R is second countable as a metric

topological space with the usual metric. Now E = JE, and so E is at most

n=1

denumerable since each E, 1s at most denumerable.

Similarly, we can show that the set F = {x e A: X is a strict minimizer for f } is at

most denumerable. It follows that the set of points at which f is a strict
extremum is at most denumerable.

Definition 3.

Suppose f:A—R is a finite valued function. Then we can define the four Dini
derivates for f at X in A as follows.

The upper right derivate of f at X, AD+f(X)=limsup{w:t € A} ,

t—>x*



the upper left derivate of f at X, ADf(X):limsup{w:te A} ,

t—=>Xx"

the lower right derivate of f atX, ADJ(x):liminf{W:teA} ,

t—>x*

the lower left derivate of f at x, AD_f(X):liminf{w:te A} .

t—>x"

The upper derivate of f at X is defined as aDf (x) = limsup{w:t S A} and

t—x

t—>x —X

the lower derivate of f at X is ,Df (x) = liminf{w:t € A}.

We refer to ,D*f(x), ,D_f(x)and ,D f(x), D, f(x) as pairs of opposite derivates.

If ,D"f(x)=,D, f(x), then the right derivative of f at X is defined to be this
common value, likewise if ,D™f(x)= ,D_f(x), then the left derivative of fat X is
defined to be this common value. If ADf (x)= ,Df (x), or equivalently

D f(x)=,D,f(x)=,D f(x)= ,D_f(x), then we say f is differentiable at X and
the derivative, ,Df (x), is defined to be the common value.

Theorem 4. Let f:A— Rbe a finite valued function. Then the set of points x at
which ,D*f(x)< ,D_f(x) or ,D” f(x)< ,D, f(x) is at most denumerable.

Proof.

We may assume that A has no isolated points for the Dini derivates of isolated
points are not defined. We may further assume that every point of A is a two-
sided limit point of A, since points which are not a limit points at least on one



side constitute a denumerable set. Thus, we may assume that Dini derivates are
all defined (finite or infinite) for all x in A.

Let C={xeA:,D"f(x)<,D_f(x)}. For each integer q >0, and p let
Cp’q={XEA:AD+f(X)<§<ADf(x)} :

Take xin C . Let f  (x)="f(x)- pg for x in A. Then

o (x+h)—f (%
h

for x+heAandh=0,

_fx+h)-fx p
= " 7

fFx+M-f()_p_ D (-2 <0 forxin C,,. Note
q q ’

Then ,D"f, ,(X)= limsup

h—0",x+heA h

that this holds even if ,D* f (x) =—o.

f(x+h)- f(X)_Ep: ADf(x)—§>O. We remark

Similarly, ,D_f  (x)= hggn:&f ) "
that this holds too even if ,D_f(x)=«. Hence, forallXin C_,,
JDFf () <0< ,D_f, (%).

This means that there exists 6, >0 such that

sup {fp,q(x+h)— f(x)}<0

0<h<d;,x+heA h
Hence, for all te(x,x+6,)NA,

fp,q(t)< fp,q(x)- """"""""""""""""""""" (1)

Similarly, ,D_f, (x) >0 implies there exists &, >0 such that

- {fp,q(x+h)— f(x)}>0

—8,<h<0,x+heA h

Thus, for all te(x-4,,x)NA,



fp,q (t) < fp,q (X) o T m ST T T T T (2)

Thus, letting 6 =min{5,,5,}, we have that for all te (x-5,x+5)NA,

f < f (X,

Thus, every X in C_, is a strict maximizer of f . It follows by Theorem 2, that

q

C,q 1s at most denumerable. Now C = U C,q 1s a countable union of at most
p,qeN,q>0

denumerable sets and so is at most denumerable.

We show similarly that the set of points X in A such that ,D™f(x)< ,D, f(x)is at

most denumerable.
An immediate deduction is the following:

Corollary 5. Let f:A— Rbe a finite-valued function. Then except for a set of
at most denumerable points in A, ,D*f(x)> ,D_f(x) and ,D f(x)> ,D, f(x).

Corollary 6. Suppose f:A—R is a finite-valued function. Then the set of

points, where the right and left derivatives exist and are not equal is at most
denumerable.

Proof.

If the right and left derivatives exist at X, then ,D*f(x)=,D, f(x) and
D f(x)=,D_f(x). Thus,if ,D*f(x)=,D, f(x)# ,D f(x)= ,D_f(x),then either
D f(x)< ,D_f(x) or ,D f(x)< ,D,f(x) and it follows by Theorem 4, that X

belongs to a set, which is at most denumerable.

Definition 7.

Suppose A is an arbitrary subset of R. Let X be a point in R. The upper
density of A at x is defined by

limsup
m(1)—=0

{m*(Aml)_

: | an interval containing X ; ,
m(l)

where m* is the Lebegsue outer measure and m the Lebesgue measure. Note
that for an interval |, m(l) is just the length of the interval I.



Similarly, the lower density of A at X is defined by

liminf
m(1)—0

{m*(Aml)_

: | an interval containing X ;.
m(l)

If the upper density of A at X is equal to the lower density of A at X, then the
common valued is defined to be the density of A at X.

Lebesgue Density Theorem.
We shall state the more restrictive form of the Lebesgue density theorem.

Theorem 8. Let A be any bounded set in R. Then for almost all points X in A,
the density of A at X exists and is unity.

Proof.

Plainly, for any X in A and any interval | containing X, mHAND o Thus, the

m(l)
upper density of A at X is not greater than 1.

Suppose that there exists a set B < Awith m*(B) >0 and such that at each X in B,

ES
liminfd ACD L loaoq
m(1)—>0 m(l)

If X € B, we can associate with X, a sequence of closed intervals, {v;} with xev,

for each positive integer i, such that m(v) - 0 and with

m*(Amvi)<

A.
m(v;)
We deduce this as follows. Let liI(Ill)inof {% X e I}: pB<i. Ifwelet
.. [m=an) L.
S = inf W: x e | + for each positive integer Kk, then &, /" 8 . Then for
m(l)sE

each positive integer N, there exists a k, >n such that ﬂ—% <5 <pB.

Consequently, there exists an interval I, containing X such that



- M*(AnL) B2
" mdl,) 2

to be closed intervals. For each positive integer i, let v, =1..

<A and m(l,) < ki < % We may choose the intervals I,

n

Since B c A, it follows that for X € B,

m*(BNv,)
m(v;)

< A for all positive integer i. ------------- (1)

Thus, these collections of intervals associated with each point X in B, form a
Vitaly family of closed sets covering the set B. Therefore, by the Vitaly
Covering Theorem, since B is bounded, for any &> 0, there exists a finite
mutually exclusive set of these closed intervals, say, v,,v,,---,v,, for which

m*(LNJBmviJ:ZN:m*(Bmvipm*(B)—g

Mz
3
~
<
—
A
3
*
—
vs]
-
+
)

and m*{LNJVi]:

Il
—_

We have thus,

m*(B)—g<ZN:m*(Bmvi)<AZN:m(vi)<l(m*(B)+g).

i=1 i=1
Since 1 <1, we have then
m*(B) < Am*(B)+2¢.

This leads to a contradiction if 2¢ <(1-A)m*(B). Thus, we conclude that m*(B)
= 0.

Denote the set B associated with 0<1<1 by B,. Let (4,) be a sequence of
values such that 4 /"1. Denote the associated set B, by B . Then for each

positive integer N, m*(B,)=0.

Let 7= {xeA:lower density of Aatx<1} = JB,. Then by the continuity from
n=l1

below property of outer measure, m*( ~) = 0. It follows that for almost all X in
A, the lower density of A at X is 1. Consequently, for almost all X in A, the
density of A at X is 1.

10



Corollary 9. Let A be any arbitrary set in R. Then for almost all points X in A,
the density of A at X exists and is unity.

Proof.

If A is bounded, then the conclusion follows from Theorem 8. If A is
unbounded, we can take a countable partition of R by non-overlapping non-
trivial bounded intervals, {C,} . Then each C, nA is bounded. Moreover, for X

in C, nA-0oC,, for sufficiently small interval | containing X,

m*(Anl) m*(AnC Nl)
mh — om)

Hence, the lower density and upper density of A at X are the same as the lower
and upper density of AnC,. Therefore, by Theorem 8, for almost all X in AnC,

the density of A at X exists and is unity. Since this is true for each integer n and
the set of boundary points of C, are countable, it follows that for almost all X in

A, the density of A at X exists and is unity.

We next present a result concerning the effect of bounds on the Dini derivative
on the outer measure of the image of sets.

Theorem 10. Let f: A— Rbe a finite valued function. Suppose D is a subset
of A such that ,D"f(x)<M and ,D_f(x)>-M , where M is a finite non-negative
number for every X in D. Then m*(f(D)) < Mm*(D), where m* is the Lebesgue

outer measure.
Proof.

If m*(D)=w and M > 0, we have nothing to prove. So, we are left with the case
m*(D)<o or M = 0.

We now assume that m*(D) <.

Let D={xeD:,D"f(x) < ,D_f(x)}. By Theorem 4, D is at most denumerable.
Hence, m*(f(D))=0. We may thus assume that for all X in D, ,D*f(x)> ,D_f(x).

11



The hypothesis of the theorem implies that every X in D is a two-sided limit
point of A.

For x1in D,

AD*f(x):limsup{w:t € A}: lim ay,

50"

t—x*

where a; :sup{w:t e(x,x+§)mA}.

Let ,D*f(x)=k. Then k < M. Given any &> 0, there exists &, >0 such that for

all 0<5<6,, k<a;<k+e¢.

Hence, for all te (x,x+8)nA and 0<5<6, , w

<a; <k+e¢. Therefore,
forall te(x,x+5)nA and 0<5<5, ,

ft)— F(X) < t=X)(K+E) (M +E)(t—X). =mmmmmmmmmmmmmmmmmmmmmmee (1)

t—x~ 50"

Next, ,D f(x)= liminf{w:t € A} = lim b,, where
—X

b, =inf{w:te(x—5,x)mA}.

Let ,D_f(x)=4. Hence, there exists 5, >0 such that for all 0<5<35,,
B—e<b;<p. It follows that for all te(x—6,x)nA and 0<5<9, ,

@be»ﬂ—gZ—M —-€.

Thus, for all te(x-8,x)nA and 0<5<6, ,
fO-fFO<t=—X)(-M—&)=(M +&)t—=X|. ==mmmmmmmmmmmmmaee ()
Let 0<8 <min(5,,58,). Then, forall te(x-o6,x+5,)NA,
fO)—FOOSM+e)t—X.  =mmmmmmmmmmmm oo 3)
Thus, for each x in D, (3) holds for some &, >0 .

For each integer n > 1, let

12



2

,te(x—l,x+1]mA}.
n n

D, ={X€DZ f®)-fFOO<(M+e)t—x t—x|<l,teA}
n

={XED: f)—-fO)<M+e)|t—x

Evidently, D, < D,,,.
Now, for each X in D, there exists &, >0 such that for all te(x-6,,x+5,)NA,

fO)-f)<M+e)t-x.

Take any integer n such that 0 < % <3, fH)-f(X)<(M+¢)|t—x for all

te(x—l,x+lij. Hence, xe D, . It follows that D:UDn. Since m*(D)< oo,
n n

n=1

by the continuity from below property of Lebesgue outer measure,

m*(D) =limm*(D,) < .

Thus, m*(D,) <. Therefore, we can find an open set U containing D, such
that mU)<m*(D,)+&. Now, U is a countable union of disjoint open intervals.

To each of these open intervals, we can further partition it into at most

countable number of non-overlapping intervals, each with length less than % .

Now, we collect all these intervals with non-empty intersection with D,. These

then form a countable covering of D,. Let {I,} denote this countable covering.

Thus, we have > m*(lI,)<m*(D,)+¢.
k

For each non empty I, nD,, if x,yel, nD, ,

f(y)-f(X)<(M+e)|y-x and f(x)- f(y)<(M+e)|x-y|
so that we get | f(y)— f(X)|<(M +¢)|y—x|. It follows that the diameter of
f(1,nD,) is less than or equal to (M +&)m*(1,).

Hence,

13



m*(f(Dn))Sm*(f [Ulk mDHBSZm*(f(lk ND,))
<Y (M +em*(1)=(M+)> - m*(1,) (M +¢&)(m*(D,)+¢)

Thus, taking limit as n — o,

m*(f(D):rl1i_)mwm*(f(Dn))£rl1i_r)2(M +5)(m*(Dn)+5):(M +5)(m*(D)+g). ------ 4)

Since ¢is arbitrarily small, m*(f (D)) < Mm*(D).

In particular, if m*(D)=0, from (4), m*(f(D))<(M +¢)(¢), for arbitrary € >0.
This implies that m*(f (D)) =0and obviously the inequality holds..

Note that if M =0 and m*(D) <, then except for a denumerable subset in D,
D f(x)=,D_f(x)=M =0for X in D. It follows from (4) that
m*(f(D)<e(m*(D)+¢). As ¢is arbitrarily small, we conclude that

m*(f(D))<0. Therefore, m*(f(D))=0and we have nothing to prove.

If M =0 and m*(D)=o. Partition D into countable pieces by setting
E,=Dn[n,n+1]. Then D is a countable union of {E,} . Since each E, has finite
measure, it follows that m*(f(E,))=0 and so m*(f(D))=0 and the inequality is

trivially true if we set the multiplication rule 0*ow0=0.

The next result is an application of Theorem 10, often used, for instance in the
proof of the change of variable theorem for Lebesgue integration.

Theorem 11. Let f: A— Rbe a finite valued function. Suppose D is a subset
of A such that at every point X of D, ,Df (x) exists and is zero. Then

m*(f(D)) =0, where m* is the Lebesgue outer measure.

Proof. We may assume that every point of D is a two-sided limit point of A,
since non-limit points or only one-sided limit points constitute a denumerable
set. ForxinD, ,Df(x)=,D"f(x)=,D_f(x)=0 and so

—% < ,D f(x)and ,D" f(x) S% for any positive integer n.

14



Suppose m*(D) <. Then by Theorem 10, m*(f (D)) s%m *(D) for any positive

integer N and so as %—> 0 , we conclude that m*(f(D))=0.

Suppose m*(D)=w. Let D, =Dn[-n,n] and so m*(D,)<o. We have then

m*(f(D))=m *(O f (Dn)j =limm* f(D,) by the continuity from below property of

n=l1

Lebesgue outer measure. By what we have just shown, m*(f(D,))=0 and so

we can conclude that m*(f(D))=0.
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