2005/2006 Semester 2 MA1102R Calculus Solutions to Tutorial 10

1. (@) 25 = dx using the substitution x = 5sin(6)
= [ 255in?(0)df = £ (1 - cos(26))dg = (6 — 5 sin(260)) + C = 2(0 - sin(d) cos(9)) +C
_ é[sin-l(i) 215 )+C=Bsin (%)~ 3/B ¢ +C,
(b) f —dx = [ 9tan?(0) sec(#)do using the substitution x =3tan(d) . Now

[tanz(ﬁ) sec(0)dO = | sec(0) tan(0) tan(0)dO = sec(0) tan(d) — | sec(0) sec?(0)do
= sec(0) tan(0) — | sec(0)(1 +tan?(0))dO = sec(d) tan(0) — | sec(0)do — | tan?(0) sec(0)do
= sec(0) tan(0) — In(Isec(0) + tan(0)|) — | tan?(0) sec(H)do .

. [tan?(0) sec(A)dl = 5(sec(f) tan(d) — In(Isec(d) + tan(6)!)) + C.

o ﬁ;dx = 2 (sec(6) tan(6) — In(Isec(d) + tan(A)])) + C

=331+ % —In(1+ J1+%5 ))+C_ £J9+x2 —%In(x+“/§+7j+c
(©) (= > dx using the substitution x = 5sec(6)
= 5§tan2(0)d0 5 J(sec?(0) — 1)dd = 5tan(f) — 50+ C
=5/% 1 —5sec (¥)+C=/x2—25 —5sec(¥)+C.

5 4 3 2
) X+X +x3_+)z< +X+1:x2+x+2+%—%.
5 4 3 2 3 2
L[ XEX +)z‘3 XXt Ly = L4 L4 2+ 3In(ix - 1))~ In(lx)) + C.

(e) j. X(XXZ-:;S}—]_) dX j.(X 243 )dX 3 In(|X|) j' (2X+l)+2 X

X24+x+1 TX2xtl

—1,2x+1
=3In(xl) - In(|x2+x+1|) §(+ 123 dx = In(\ x2+x+1‘) —5 tan™( \X; )+C.
X2+3x+5
(f) (X2+2x+5)2 dx = f ( x2+2x+5 + (x2+2x+5)2 )dX
= L4 j%(2X+2)—1 dx = L tan-t(xly_L1_L | L4
Y (x+1)2+4 X+ (x2+2x+5)2) X= 2 an ( 2 )_ 2 x242x+5 ) (x242x+5)2 X.

1 sec2(6)
Now | mdx =] m dx = s f (tan2(9)+1)2 dé, Where x+1= 2tan (0)

=1 cosZ(e)de =+ J1+ cos(29))d0 =10+ S|n(29) +C

tan(0) 1+l 1 x+1
= 160+ 16 5'”(9)003(0)"‘0:1_69 i sec2() +C=fstan () + 557 m"'c
1/x+1 x+1
- 16 tan™ (3 )+ 8 x2+2x+5 +C.
X+3x+5 _ —1,x+1 X+5 !
Therefore, 5—(xz+zx+5)z dx = 5 tan (X - 22—+ C'.

(@) [.,/9- /X dx. We shall use the substitution u=/9— /X . Then u2=9- /X.
Differentiating 2udu = —5dx = 557 dx. Thus
[ Jo— /X dx=—[4u2(9—u?)du=—12u%+¢us +C=-12(9— JX)? + 2(9— J/X)? +C.
2 (i) The function for the curve is f(x)=x%?. Therefore, the arc length from (0,0) to (1,1) is
givenby [, JT+(F00)2dx= [, [1+3xdx=L[(1+0%]; = LX),
(i) The function for the curve is f (x) = In(x). Therefore, the arc length from x = 3 to x = 2is
given by ﬁ/z 1+(f'(x)?dx= fl/z 1+55 1 dx = ﬁlz XV 1+x2dx
2
/ 2
1/2
(For the computation of the antiderivative, use substitution x = tan(6). Then

o O)(L+ tan?(0
[L/Txmax= Stzcn(%))de [ s« )Ea;(e‘;‘” @ 49
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= j sec(f)tan(0)d6d + f csc(0)do
=sec(d) + In|csc(b) — cot(0) + C
= J1+tan?(0) +In(/1+ cot2(9 —cot(6)+C
= J1+x% +In( 1+— - )+C )
(iii) The volume of the SO|Id of revolution is given by
j m e 2dx = n[—% e‘zx] Z(1-e™) .
(iv)  The volume of the solid of revolution is given by

fbnx—dx n[ X° ]b—n—bs

0 5a2 5a2
(v) TheGarea of the surface of revolution is given by
J, 27 £ (0) /14 (T7(x)? dx, where f(x) = /X

:f?Zn X1+ (55)? dx:§62n JX 1+ ﬁdx:nfg JI+4x dx
= a[+(1+4)%213 = £(125 - 27) = 2L
(vi)  The area of the surface of revolutlon is given by
SZ/S 27 £ () 1+ (f'())Z dx, where f (x) = x3
- 52/3 2nx3md = [ & /T du where u=1+9x*

25/9 125 98
[US/Z] =57 (5 -1 = 723

3 (a) li sin?(2x) _I. 4sin(2x) cos(2x) i 8cos(4x) 8

Xom 1+c0s(5X) ST 55|n(5x) T Xorm —25cos(5x) T 25
(b) !(I_I:Bl 2;::2)(3(’;;)1) _IX_I:BI 35|;2§;) _IXI_I:Q m = % IXI_[B] sin(3x)+(14}x)3 cos(3x) =%
(C) Ilm (ﬁ X—= 1) _Ilm (f(ll)llrr‘](())(()) —|X|_)1 In(x)+1—f le_m xln(x)+x -1 —!(I_T 1+In%x)+l = %
(d) I'm (xlz X 2 1) IX'IQ (x—z;(e_xxil) —IX'IQ (x—2)2::§;;><*2 1 ZIX'IQ #_EZ)W :%
0ty By 2 e =
() lim =2 =lim w =lim 5 sec2(x2) x=1-1-0=0.

X3

(9) Lety xs'“(x)forx>OThen In(y) S|n(x3)ln(x)

n(x) . + sin?(x3) . sin?(x®) 38
)!lm In(y) _IIImIC(SC)(X3) —)ngl —CsC(x3) Cot(x3)3x2 !Lgl 3x3 cos(x3) :_!Lrgl x6  3cos(x3)
im In(y 0_
limy=ec e’ =1
(h) Let y=(e*+7x)*. Then In(y) % In(ex +7x)
| X
Thus lim  In(y) =lim Lo =lim 577 =8 . limy=e®" =
(a) !(L ex —Ilm ex —Ilm 42X —Ilm 210X —!(l_[g 840X —Ilm 2520X —Ilm 5040X —Ilm 5040 0
(b) li (In(x)) —lim 7(|n(x))6 —1im 42(In(x))5 —1im 210(|n(x))4 —1im 840(In(x))3 —1im 2520(|n(x))2
X—00 X - ~>OO X - —00 X _X»oo X _Xaoo X _Xaoo X
. 5040(I .
:| M :!(Lrg 5040 _
3 In(x) 1. _ sin?(x®) . sin?(x8) 1.3 _
(C) Ilm tan(x )In(x) —l'”l cot(x3) — )!Lr(n xcsc2(x3)3x2 __Jlr(n 3x3 _)!_,0+ x6 “3XT = 1-0
(d) Lety (sin(x))** for x > 0.Then In(y) = x3 In(sin(x)).
. 3 . i Insin(x)) T COS(X) x3 cos(x) _1.0—
Xllﬁron+ x° In(sin(x)) _lerorl I lim =50 == 1 ing) xIlrcl)q+ w3 =1-0=0.

Therefore,  lim (sin(x))< = eI _ g0 _ 1
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=1-0=0.



5. Let f(x)=In(1+x)forx>-1. ThenIn(1.2) = f(0.2). The derivatives 1of f are given
by ') =15, f"00 =—ggz, f Q00 =277, F P00 = D)" (- Dl

The modulus of the remainder term,
IRn(x)] = f<n+1>(é>xn+1

n! n+ 1
(n+1)! (n+1)|(1+£)”+1x ‘ (n+D) A+t Ix

Therefore |R(0.2) < =(0.2)™! and so in order for [Ry(0.2)| < 0.0001 it suffices to take
n = 4. This is because |R3(0.2)| <0.0004 and |[R4(0.2)| < 0.000064.
Now f(0)=1, f'(0)=1, f"(0)=-1. Andso the Taylor polynomial of degree 4 is
pa(X) =X — 5x2 + 5x3 — +x*. p4(0.2) = 0.1822666. Therefore the value of In(1.2) is given by
f (0.2) and is approximately 0.182 accurate to 3 decimal places.

| n+1

. n__ 1 _
6. () Hm g =Hm 7ogm =1
. n+1 W 0
(i) Lim =Lim =
i nd+4 n 1+43
N : n(n . .
7 (i) Lim smn(n)_o smce0<‘ (n) <+ for ann positive n and Lim %:0
(i) niwlg—' 0 by the Squeeze Theorem because
Osn—,}:%< % for any positive integer n
and at Lim %:0

Note that |t is a series of nonnegative terms and
1 1
1+n2 = n

Since we know 2, n—lz converges by teh Comparison Test,Y, 1 5 converges.
1

T 1+n
(i) Z N+l |sdivergent

n(n+2)
since n(nn++12) > n+2 and Z |s divergent by the Comparison Test
(iii) éﬁ is divergent
since JET)l > \/n1+ T forn>3 andilo‘, Jr1l+—1 is divergent by the Comparison Test

n! 2
9. (i) Z EZn)l is convergent by the Ratio Test as follows.
((n+1)')2 (n1)? 3 (n+1)? 1 1
@+ @n! ~ @n+1)@2n+1) <
and so by the Ratio Test the series is convergent.

. (n+1)! ALl n! . n" Ty 1 _
P Do/ =0 ety e
Therefore by the Ratio Test the series is convergent.
(i) 2 -
(n+1)2 2
N 20D %Z?M »z<1.
Thus, by the Ratio Test the series is also convergent.
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