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INSTRUCTIONS TO CANDIDATES

1. Thisexamination paper consists of TWO (2) sections. Section A and Section B. [t
contains atotal of SIX (6) questions and comprises FOUR (4 ) printed pages.

2. Answer ALL questions in Section A. The marks for questions in Section A are not
necessarily the same; marks for each question are indicated at the beginning of the

guestion.

3. Answer not more than TWO (2) questions from Section B. Each question in Section B

carries 20 marks.

4. Candidates may use calculators. However, they should lay out systematically the various
stepsin the calculations.



SECTION A

Answer ALL questions in this section.

Question 1 [20 marks]

Let thefunction f :R — R bedefined by

(@
(b)
(©)

(d)
()
(f)

x3+%, x>1
)=t n(%), -l<x<landx#0
: x3-1, x<-1

i 0, x=0

BN

2

i 2
i3
] Si
i

Find the range of the function 1 .

Determineif f issurjective.

Find the values of x (if any) where

(i) fx)=1,

(i) fx)=- 2

Determine al x in R at which the function 1 is continuous.
Isthefunction 1 differentiable at x = 1 ? Justify your answer.

Compute fll f(x)dx.

Question 2 [20 marks]
Evaluate, if it exists, each of the following limits.

@ lim gy et T
(b) LLO 7x? -Iii.szl -11

© lim 2

@ 1 Eane)



() lim (e®?) +3¢2) (17,
Question 3 [20 marks]

Evaluate the following integrals.

1
@ | Gergjperg
(b) | sin"*(4x)dx.

© [ e sin(sn)dr.

(d) fz x+3

0 x2+2x +4%

SECTION B

Answer not more than TWO (2) questions from this section. Each question in

this section carries 20 marks.
Question 4 [20 marks]|
(@ Using the definition of limit, prove that Iirrl1 -2=1

(b) Findthevaluesof ¢ and b so that the function
1 oax®+bx,-n<x<nm
f(x)—% sn(x),x<-morx>n

is differentiable on the whole of R.

(c) Show that the equation 2x® + 3x + 1 = 3sin(x) cos(x) has exactly one
real root.

Question 5 [20 marks]
L et the function f be defined on R by

1 2xlx]
f(x)=_|l_ 1+f2, x<1
1 5 x>1



(@ Findtheintervalsonwhich f is(i) increasing, and (ii) decreasing.
(b) Find the horizontal asymptotes of the graph of f .

(c) Findtheintervals on which the graph of f isconcave upward or
concave downward.

(d) Find therelative extrema of f .
(e) Findthe points of inflection of the graph of f.
(f) Sketch the graph of f.

Question 6 [20 marks]

x3 1
- dt.
“x 1+8in?(2f) + 2

(a) Differentiate the function g(x) :j

(b) Letthefunction £ bedefined on R by

k(x) = jlx \/ﬁ dt.

(i) Without integrating, show that the function & isinjective.

(i) Determine ( £ 2)(0).

(¢c) Leth:[a,b] » R beany continuous and increasing function.

h(x)
h(a)

(i) Provethat fz h(t)dt + j h™(s)ds = xh(x) + C for some constant C.

Hence, or otherwise, deduce that

h(b)
h(a)

(if) Using part (i) or otherwise, evaluatefcl) J1+(x- 1)% dx

J b h(x)dx = bh(b) - ah(a)- [, ' h Y(s)ds

END OF PAPER



1.

Answer To MA1102 Calculus

SECTION A (Compulsory)
i 23,1
i 3F ;3’ x>1
I x2gn(Z -
Thefunction f isdefinedby f(x)=] ¥ SMgy), -1lsx<landx=0
: x%-1, x<-1
0 0, x=0

(@ Forx<-1, f(x)=x%-1<-2. Also,for x<-1,x%- 1<-2ox<-1.

Thus f maps (- «,- 1) onto (- o, - 2). (Because for any y < - 2, we can take
x=3y+1 sothat f(x) =y) Also, for-1<x<1, -1<f(x)<1. Thisisseenas
follows. For-1<x<landx=0, |f(x)| = ‘xzsin(%)‘ <x?<1. Now £(0)=0.

Thus - 1< f(x) <1. Therefore, (1) = 1isthe absolute maximum of f on[-1, 1]

and f(-1) = -1isthe absolute minimum of f on[-1, 1]. Assumingthat f is

continuous on [-1, 1] (aswe shall show in part (d) below), by the Intermediate Value

Theorem) f mapstheinterval [-1,1] onto [-1,1]. [ We can also use the fact that
sin(%) maps [1/2, 1] onto [0,1] and [-1, -1/2] onto [-1,0]. ]

Finaly for x>1,f(x):%x3+%>1. Andforany y>1, wecantake

X = dByZ- 1 >1sothat f(x) =y. Hence f maps (1, ) onto (1, o).
Hencetherangeof f is(-o,-2)U[-1,1] U (1,0) =(-0,-2) U[- 1,0).

(b) By part (8) Range( f) = (- o0, - 2) U[- 1,) #R = codomain( /), therefore f is not
surjective.

(¢ (i) Bypart(a) 1 isintheimageof [-1,1] under /. Thus, to find the preimage
we need to solve the equation x2 sin(%) =1forxin [-1, 1]-{0}.

Forx+0and-1<x<1, ‘xzsin(%)‘ <x?2<1. Sinceweknow f(1) =1, and
f(-)<0,x=1.
(i) Frompart (a) - 2isnotintherangeof f. Thus, the solution of f'(x) =- 2 does
not exist. Therefore, thereis no value of x such that 1'(x) = - 2.

(d) Whenx<-1, f(x) =x3- 1, whichisapolynomial function, therefore 1 is
continuous on (- o, - 1), since any polynomial function is continuous on the real
numbers and so is continuous on any open interval. When-1<x<landx =0, f(x)
= x2 sin(%) and since x2si n(%) is continuouson (- 1, 0) and on (0, 1), f is
continuous on the union of these two intervals. Finally whenx > 1, f(x) isa
polynomial function and so it is continuous for x > 1. Thusit remainsto check if 1 is
continuousat x =- 1, 0or 1. Consider the left limit at x = 1,

lim £ (x)=lim xzsin(%) = 1zsin(%) =1 andtheright limit at x =1



: —tim2.3,1_2_ 1_._
lim f@) =lim3x°+3=3+3=1=f(1). Thus

Ixim f(x)=/(1) andso fiscontinuousat x = 1.

Now consider the left limitof fat x=-1,
Iim fe)= Iim x3- 1=-2andtheright limitatx =-1,

(1)+f( x) = ||(n11)+x sm(zx)zlzsin(-%)z-l.

Thusthe left and theright limitsof f at x =- 2 are not the same and so f is not
continuous at x = - 1.
Now le m f(x) :Ixi m x?g n(%) = 0 by the Squeeze Theorem and f'(0) = 0. Therefore,

f iscontinuous at x = 0.
Hence 1 iscontinuous at x for all x = - 1.

(e) f isdifferentiableatx =1. Thisisseen asfollows.

. TT
- fQ) xzsn(g)- 1 . 2xsm(2x) cos(zx)
——————"=|im ————=——=|im

x->1 - x->1 X - 1 x->1 1

by L’ Hopital’s Rule
=2
2 3+l 1
- 3
lim f(x) f(l) “jim 38 "2 iy -1,
x - 1% x - 1+ x-1 x-1+ x-1

Thus f |sd|fferent|ableatx 1 and f€1) =2.

(f) Notethat f isanodd function since f(-x) =- f(x).
% F()dx=- {5 f(- )dt wherer=- x
=19 f(dt=- [} f(t)dr.
Therefore, |1, f(x)dx =[5 £ (x)dx+ % f(x)dx =0.



(@ lim o B+ 2041 61+2+% 614040 _ 61
UM G077+ 733 +x2 +7 W% g7+ L+ 5 4 L - 907+0+0+0 - 907"

x5

(b) lim A2 - 11 I =lim 1
=0 14x2 XIO 14x2(/7x2+121 +11) =0 2(J7x2+121 +11)
-4
5 4 3 2
(@ lim 7 =lim 525 = 3 lim 2 = § lim 225 = F lim 2% = § lim 51 =0

by repeated use of L’ HOpital’ s rule and the last equality comes about because
lim 2xe** = o0 s0 that the limit of the reciprocal function [im isO.

2xex?

a sin(tan(x)) _,.  cos(tan(x)) sec?(x) _ cos(tan(0)) sec?(0) _
(@ M tanEn(y) M sec2(sin(x)) cos(x) ~ sec2(sin(0)) cos(0)
by L’ Hépital’srule.

1

(& Let y=(et)+3?)®?. Thenln(y) = 35 In(et) +3r?).

In(e(x3) +3x?) im 2260 + Gy _30+2 _
x2 0 (e +3x2) T 2140
Therefore, limy =lim " = etMn0) = 3.
xX— x—

Now Iinaln(y) :Iirg 3.



3. (a) j(x2+26)b(‘x2+3) j(x2+2 x2+3)dx At - S tari(5) +C.

- 32x

.1 I | _ i 1 x:x'-lxl—x
(b) [ sin"}(4x)dx = xsin i(4x) §4—md sin (4)+8§md

=xsin}(4x) +J/1- 16x2 +C.

() [e*sin(5x)dx = 12e 2 §n(5x) - gl | €25 cos(5x)dx
e sin(5x) - 2[5e? cos(5x) + 3 | e25sin(5x)dx]

= e sin(5x) - 2e2 cos(5x) - 2 | e sin(5x)dx]
by integration by parts.
Therefore, 2 [ e sin(5x)dx = e sin(5x) - e? cos(5x) + C.
Thus | 2 sin(5x)dx = Ze% sin(5x) - —e2 cos(5x) + C'.
Therefore, [ ¢ ¢ sin(Sx)dx = -5[2¢2 Sin(5) - 5e? cos(5)] ¢
219 [Se cos(0) - 5es 8 cos(n)]
= 2—9(1 +e%).

x+3 _((1_2x+2 2
() jx2+2x+4d j(2x2+2x+4+x2+2x+4)dx
— 1
—%|n(x2+2x+4)+25mdx
= % In(x? +2x+4)+ - tan’ 1(X+l)+C
+3 X+
Therefore, y mwc [1In(x2+2x+4)+—tan e 1)]

=2((In(12) - In(4)) + 5 (tan"*(3) - tan"*(75))
J3n
9

= 3@+ (5 §)=3Ind) + Jh= =3I +



@

(b)

(©)

Question 4.

Let f(x) =3x-2. Firstnotethat |f(x)- 1l =13x- 2- 1| =3|x- 1|. Therefore,
given any e> 0, take s = % Thus,
0<|x-1l<d=|f(x)- 1 =3lx- 1| <3 =-e.
Therefore by the definition of limit, lxiﬂ‘f(x) =1.

First notethat /" is differentiable at x for x in (- oo, - ) or (7, ) since on these intervals
the function is the same as sing(x) and sine (x) is differentiable on these intervals.

Now for x suchthat - p <x <p, f(x) isgiven by apolynomial and any polynomial
isdifferentiable on theinterval (- p, p). Thuswe need only concern ourselves with
the differentiability of fa -p andat p.

Then anecessary condition for 1 to be differentiable at p isthat f* be continuous at p.
Thatis, lim /() =lim / () =/ (x).

Now lim f(x) =lim ax® + bx = an® + bn = f () and
Ilmf(x)—llmsn(x) sin(z) =0.

X7

and so our first conditionis a3 +bn=0.

l.e an®+b=0 ------------ Q)
Since we know the derivative of sin(x) is cos(x), that is
” sin(y) - sm(x) = cos(y),
lim f(x) f(n) ~lim sm(x) 0 =lim sm(x))C: gn(n) - cos(n) =- 1
Similarly,
3 _ 3
)ICLI;I.] f( ) f( ) —)IC_}T[ ax +bxx_(§l-[n +b7t) :3617T2+b.
Therefore, in addltlon to equation (1), for differentiability at p, we must have
3an?+b=-1  -------eee- 2
Solving (1) and (2) gives b= % anda =- 5;.

For differentiability at - p, we get equations (1) and (2) above. Thusthe same values
for a and b above will guaranteed differentiability at - p too.
Let f(x) =2x3+3c+1- 3sin(x)cos(x) = 2x3+3r+1- 3sin(2).
Then f'(x) = 6x2+3- 3c0s(2x) = 6x2 +3(1- cos?(x) +sin®(x)) = 6(x2 + sin?(x)).
Therefore, f'(x) >0for x + 0.
Since 1 iscontinuouson R, in particular /" iscontinuous at x = 0.
Thus f isincreasing on (- o0, 0] and on [0, ) and so it isincreasing on R.
Therefore 1 isinjective.
Now f(0)=1>0and f(-n)=-2r%- 3n+1<0. Therefore, by the Intermediate
Value Theorem, there existsapoint ¢ in R suchthat f(c) =0. Thatis, f hasaroot

inR. Since f isinjective, it has exactly onereal root.

.- 10-



1
. Observethat f(x)=| 1+ .
f i x>1

O<x<1 - Wenotethat f is

=
N
[EE
—) ] ——— —
»
N

x=>1

continuous on (1, «) because 1 isarational function on (1,). There are anumber of ways
to show that /" iscontinuouson (- «,1). Thefollowingisoneway. |x |isa

continuous function on R because x is continuous on R and that the modulus of any

continuous function is also continuous. +2x > Isarational function with domain R and

so itiscontinuous on R. Therefore, 12’_2)6'2 being the product of two continuous functions

2x| x|

istherefore continuous on R. In particular, 1412 is continuous on (- «, 1).
Now |Imf(x) —I|m——1 f(1) and

I|mf(x) —I|m 1ZX+|X|2 1
Therefore, lem f (x) f (1) and so f iscontinuousat x = 1. Thusf is continuous on R.

Then
i 4x
i@ <0
| 4
S =1 Tz 0S¥ <l e (D)
! (3x- 1) ! (x2- 3)
[ Aaregr <01 Ry o<
|
" : (3x -1 :I 2.
ST =0 4Lay2)s0<x<l %-12((“ 23))3,0<x<1 (2)
(@
For x <0, -4x>0andsofrom(1),f’(x):ﬁ>0forxin(-oo,0)since(1+x2)

>0. Thus f isincreasing on the interval (- o, 0] since f iscontinuousat x = 0. Now
for xin(0, 1) .f'(x) —(1:"—2)2 >0. Therefore, f isincreasing on [0, 1] since £ is
continuousat x =0andatx =1. Thus f isincreasing on theinterval (- o, 1].

Forx>1,f'(x) =- x% <0. Thus f isdecreasing on theinterval [1, ) since f is
continuous at x = 1.

(b) Nowlim f(x) =lim % =0 and sotheline y = 0isahorizontal asymptote of the graph
of f. Next we check the following limit.

_ L n2 . 2 _
dm fx) =lim - 77575 = lim,_ - 1+ 1 =-2

Therefore, theliney = - 2 isanother horizontal asymptote of the graph of f.

- 11-



S,
(1+x2)?
of 1 isconcave upward on theinterva (- oo,-i). Also from (2), when

) V3
., (x%- 3) .
- —J% <x<0, f"(x)=12 (1+x23)3 <0. Therefore, the graph of f isconcave

downward on the interval (- 1 0). Againfrom (2), for 0<x < %(< 1),

J3
2
f'x)=-12 ((1+ 23‘))3 >0since (x?- 5)<0. Therefore, the graph of 1 isconcave

_ 6% 3)
upward on (0, f) Now for T<X<1 7(x) = 12(1+ 23)3
graph of f isconcave downward on (T’l)' Finally forx>1, f"(x) :x% > 0and so

thegraph of f isconcave upward on (1,0).

(c) Whenx < - —, from (2), f"(x) = 127s——=% >0since (x?- %) >0. Hencethe graph

<0 and therefore the

(d) Sincefrom part (a) f isincreasing on (- oo, 1] and decreasing on [1,«), f/ hasa
relative maximum value at x = 1. Indeed the relative maximum valueisf(1) = 1.
Sincef isincreasing on (- o, 1] /" has no relative minimum in (- oo, 1]. Likewise
since f isdecreasing on [1,00) f hasno relative minimum valuein [1,0). Therefore f
has no relative minimum value.

(e) From part (c), there are changes of concavlty before and after thefoIIOW| ng points mlthe
h: (- —./(-—=)) =(-—, (0, £(0)) =(0,0), =
and (1, (1) =(1,1). Therefore these are the points of mflectlon

() _The graph of f (not drawn to scale)

The graph.of y = F{x) T \

2

- 12-



x3 1 x® 1 0 L
6, dt = " dt+ . dt
@ gl) =12, 1+sz(2[)+tz O 1+8n2(2) +12 s 1+sin?(2f) + 12

_x8

= . - Jo" . dt
0 1+sm2(2z)+z2 - o 1+sin?(20) + 12

= F(x9)- Fl-x) where F(x) = [§ S_nzl( e
Therefore,  g'(x) = F'(x%) - 3x22 - F'(-x) - (- 1) by the Chain Rule
o x 1: 1+sjn§(xzx3)+x6 Y v snd(- 20+ Y EFTC.
(b) (i) Since k(x) = fll i dt, by the FTC,
k' (x) = e >0 since 1+x*>0.

Therefore, k£ isincreasing on thewhole of R. Thus £ isinjective.

(ii) (k'l)’(O):k,(k_—ll(O». So we need to know the value of 4 1(0) . Now
K10)=x o k(x)=0o [ —~—dr=0. Since

. JI+
k() =17 dt=0and k isinjective, x = 1.
(1) jl\/th“ and k isinjective, x
Therefore, (k'1)'(0) = 17y = 7o =~ = /2.

k'(k-10) ~ £'(D)
© () Let f(x)={ h(e)de+ jh() “1(s)ds - xh(x).

We want to show that thisis a constant function. At this point, it is reasonable to
make some assumption that allows us to proceed to show that thisis true under
this assumption. We then assume that # is differentiable. Thisisto make sure that
the function f isdifferentiable. Noticethat f iscontinuouson [a, b] - afact
borne out by the Fundamental Theorem of Calculus and the continuity of 2. We
can then apply the method of differential calculus. With this assumption, by the
Fundamental Theorem of Calculus, /' isindeed differentiable and
S'(x) =h(x) +hH(h())A' (x) - (h(x) +xh'(x))
( by the Fundamental Theorem of Calculus and the Chain Rule)
=0.

Therefore, f(x) = C for some constant C. ThusC= f(a)=- ah(a).
Hence | h(t)d =xh(x)- ah(a)- {7 p-1(s)ds.  In particular

h(a)
! h(d = bh(b) - ah(a)- [y hL(s)ds.

(i) Let h(x)= 1+ (x- 1)7 forxin[0,1].
h(x)=yifandonly if 1+ (x- 1)% =y? & (x- 1)% =y?- 1sothat
x=(?%- 1)3+1=y%- 3y*+3y2 Therefore h 1(y) =y%- 3p*+3y2.
Now /2 (0)=0and % (1) = 1.
Before we use part (i), note that in part (i) we only require that  be differentiable
on (a, b). Hence by part (i),

j J1+(x- 15 dy= h(l) f(vﬁ 34 +32dy =1- [$¥7- $1°+)°13

7z

=1- (1+3-9)=%.
Or use substitution u =1+ (x- 1)3. Then x =u3- 3u?+3u.
j,/1+(x 1)3dx §(3u2-6u2+3u2)du 3[ %-% ?+ %u%];
Z2+2=2

- 13-



Alternative proof of part (i). (This is not the expected answer for the exam. But it is the
kind of answer we hope to see. The kind that will show your understanding and maturity
in mathematical thought. )
Thisis an elegant proof that requires some deep understanding of the meaning of the Riemann
integrals. First the following observation will make the proof alittle easier to follow. The
function % is continuous and so it is (Riemann) integrable on the interval [a, x] for any x > a.
(A deep result we areinvoking.) Also since / is continuous and increasing, by a Theoremin
the lectures, it then has an inverse function 4 * defined on [A(a), A(b)] which isalso continuous
and increasing. (Another subtle result here.) Therefore, 4 * is Riemann integrable on the
interval [A(a), h(b)]. We shall show that for afixed x > a,
I o+ [ ) i (s)ds = xh(x) - ah(a).
We shall show that the integrals in the left hand side can be approximated by Riemann sums
whose sum can be made to be ascloseto x 4 (x) - a h(a) aswelike. (What does this mean? It
means the difference can be observed to be as small aswe like.) We are going to use the
following simple test of two quantities ¢ and d being equal:
If forany e>0, wehave c<d+eandd<c+eg,then c=d.
Take aregular partition of theinterva [a, x],
P:a =x0<Xx1<Xx2< " <Xxp-1<Xp =X,
where  x; =a+ix;qa fori=0,1, ..., n.
Then this gives rise to a partition
O:h(a)=h(xo)<h(x1)<h(x2) < <h(xp1)<h(x,) =h(x)
for theinterval [A(a), h(b)]. Notethat the strict inequality is preserved because /i is
increasing.
(The above partition for [A(a), h(b)] need not necessary be uniform.)
The Lower Riemann Sum for the function 4 with respect to the partition P is

; mi(h)(x; - xi-1) = ; h(xi-1)(xi - xi-1) = h(xo)(x1 - xo) + ; h(xi1)(xi - xi-1),

where m;(h) = min{ h(k) : k € [xi-1,x:]} =h(x:-1) because i is an increasing and continuous
function. (We are using here the Extreme Vaue Theorem.)
Thus

§” h(d)dt = h(xo)(x1 - xo) +éh(xi. (i - xi1) = h(xo)(x1 - xo) +Axéh(xi. 1)

where Ax = -4,

(We are using here the fact that if the Riemann integral exists, then it is aways greater than any
Lower Riemann Sum.)
Likewise the Lower Riemann Sum for the function /4 * with respect to the partition Q is

3% mi(h 1)) = he) =2 MG D)) - hria)) = Xoxia(hlen) - Axin))

where m;(hY) =min{A (k) : k € [h(xi-1), h(x)]} =h Y(h(xi-1)) =x1 becauseh't isan
increasing and continuous function.

Therefore [, ) 1 (s)ds > 2 xi-a(h(x) - hxi.s)) = 3 xiah(e) - 3 ahi)
1= = 1 =

n-1 n-

= xp-1h(x,) + ; xi-1h(x;) - xoh(xo) - zi xih(x:)

= xu-1h(xn) - x0h(x0) - :g(xi - xi-1)h(x;) = xp-1h(x,) - xoh(xo) - Axr:; h(x;).

Thus, " A(@)de+ [ h1(s)ds > h(xo)(x1- x0) +xm1h(xn) - xoh(x0)
a h(a)

=x,h(x,) - xoh(xo) + h(xo)(x1 - x0) - (xn - xu-1)A(xn)

.- 14 -



=xh(x) - ah(a) - h(x,)Ax + h(xo)Ax
= xh(x) - ah(a) (h(x) - h(a))Ax.
Hencexh(x) - ah(a) < | h(d)dt + [ sy 1 H6)ds +(h(x) - h(@))Ax.

Now for any e > 0, we can choose an integer n > 0 such that
(h(x) - h(a))Ax = (h(x) - h(a))x ‘<o

Hence for any e> 0, xh(x) - ah(a) < | h(t)dt+ f hY(s)ds +¢.  Therefore
xh(x) - ah(a) < | h(t)dt + [ oy 7o) e (1)

Now we shall use the Upper Riemann Sum of % with respect to the partition P in asimilar way.
The Upper Riemann Sum of /4 with respect to the partition P is

Z h(xi)(xi - xi-l)-
i=1

h()

Thus we have
1" n(eyde < Ax Y hixy).
a i=1

(Here we are using the fact that if the Riemann integral exists, then it is always less than any
Upper Riemann Sum.)
The Upper Riemann sum of thefunctl on /" * with respect to the partltlon Qis

ZM(h D(h(xi) - hxi1) —Zh H(h(x)(h(xi) - h(xi-1) —sz(h(xz) h(xi- 1))

Where M;(hY) = max{h (k) : ke [A(xi1), h(x)]} =h 1(h(x,)) =x; because i"*
increasing and conti nuous function.

Therefore, § h™(s)ds < iz:;xi(h(xi) - h(xi1)) = éxih(xi) - iz:;xih(xi- 1)
=xnh(xn) - xoh(xo) + éx,-. 1h(xi1) - éxih(xi. 1)

=x,h(x,) - xoh(xo) - Z(xi - xi-1)h(x:i1)

h(a)

n-1

=xh(x) - ah(a) - Ath(xl 1) =xh(x) - ah(a) - Ath(x,)

Thus | h(f)de+ e ey 7 H(s)ds <xh(x) - ah(a) + Ax 21 h(x;) - Ax 20 h(x:)
=xh(x) - ah(a) + Axh(x,) - Axh(xo)
=xh(x) - ah(a) + (h(x) - h(a))Ax.

Since for any e > 0, we can choose an integer » > 0 such that

(h(x) - h(a))Ax (h(x) - h(@)* 5% <e,
wehavethat [ h(d)dr+ fh( | h*Y(s)ds < xh(x) - ah(a)+&forany e>0. Thus
V" h(t)de + [ ey 1 H(6)ds < xh(x) - @h(a).  reememenennen e eees )
Therefore (1) and (2) imply that

J" h(ar + e oy 1 H(5)ds = xh(x) - ah(a).

Thisisaproof that demonstrates the precision and thoroughness of mathematical
reasoning. The use of some important theorems and results along the way shows how
intricate the solution is woven to invoke the rhythm of the mathematics to deduce the
answer in this resounding manner. Notice how the theorems and results are calling out
to be used.

Tze Beng Ng November 1999
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