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INSTRUCTIONSTO CANDIDATES

1. Thisexamination paper condstsof TWO (2) sections Section A and Section B. It containsa
total of SIX (6) questions and comprises FIVE (5) printed pages.

2. Answver ALL quedionsin Section A The marks for questions in Section A are not
necessarily the same; marks for each question are indicated a the beginning of the question.

3. Answer not more than TWO (2) questions from Section B. Each question in Section B carries

20 marks.

4. Candidates may use cdculators. However, they should lay out systematicdly the various sepsin
the calculations.
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SECTION A

Answer ALL questionsin this section.
Question 1 [20 marks]
Let thefunction f :R — R bedefined by

! 23 +1, x<-1
P

f x*+1, x>1
) 0, Xx=0

(@ Findthe range of the function f .
(b) Determineif f issurjective.

(c) Deerminedl xin R a which the function f is continuous
(d) Isthefunction f differentiableat x=-1 ? Justify your answer.

() Isthefunction f differentiableat x= 07 Isit aso twice differentiable
a x=07? Judtify your answer.

Question 2 [20 marks]

Evduate, if it exists, each of the following limits.

X2 71x%| +10000
@ M. TS5 Fx+100 °

_ 14+ yxX - 4
®) lim“—
)
© xL”E} 1- cos(xz(— 29n (x).

(d) !(LOO[J1+%X+X2 - Jl- %x+x2].

1
X

& lim (In(nGy)) X
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Question 3 [20 marks]

(@ Evauae L

J (X2 +x+1)(x2+x+ Z)dx'

(b) Determine the derivative of sin"*(a x), where a is anon zero constant in
theinterva (- 1, 1).

Use this or otherwise, evaluate | sin“(29x)dx.

(c) Evduate fs[xz]dx, where [t] denotes the greatest integer less than or
equal to't.

(d) Find an antiderivative of g(x), which is defined by

SECTION B

Answer not more than TWO (2) questions from this section. Each question in
this section carries 20 marks.

Question 4 [20 marks]
(@ Findthe critica points of the function g, defined by

R X2 - 2x+1, 0<x<3
909 =1 157- 2 +18x2- 96x, 3<x<9’

in the interval (0, 9). Determine the absolute maximum and the absolute
minimum values of the function in the interva [0, 9].

(b) Show that
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1 2in@ 1 1
65 In(2) = 5In(2) e3x + 1dX§ 9 |n(2)

(c) Suppose f isacontinuous function defined on the closed interval
[0, 1] suchthat f(0) = f (1) . Provethat there existsapoint cin

[%1] suchthat f(c) = f(%(c- %)) Hence or otherwise deduce that

there exists apoint ¢ in |1,1] such that

sin(z ¢) =sin(%¢ - 25)

Question 5 [20 marks]
Let the function f be defined on R by

- 2X
f(x):1|’ X+1’ XZl_
f2x3-3x+2,x<1

(@ Determineif thefunction f iscontinuousat x = 1.
(b) Findtheintervalsonwhich f is (i) increasing, and (ii) decreasing.
(c) Findthereative extremaof f .

(d) Find the intervals on which the graph of f is concave upward or

concave downward.

(e) Find the points of inflection of the graph of f.

(f) Sketchthegraphof f.

Question 6 [20 marks]

(@ Differentiate the following functions.

%)
@) h() =tan(I X/, x>0.
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- _ cos(x?) 1
1) i =) 4o 2 + 12+ cos(t)

dt.

(b) Supposethat f isadifferentiable function with the property that
(D) f(x+y)=f(x)+ f(y)+7xy and

@ fim-ht=a

Find f(0) and f' (X).

() Find the following limit Jim Z[rITiJ’n“//Tﬁ]

— 00 !

END OF PAPER
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Answer To MA1102 Cdculus

SECTION A (Compulsory)
T 23+1, x<-1

o } x6sn(=Ls), - 1<x<landx#0
Thefunction f isdefinedby f(x) = | 2% .
i X2+1, x>1
0, x=0

Forx<-1, f(x)=2x>+1<-1. Al for x<-1,2x*+1<-1e x<-1 Thus f maps
(- o0,- 1) onto (- =0, - 1) . (Becausefor any y < - 1, we can teke x = Q/E;(« 1) sothat f
X)=y) Also, for-1<x<1, -1<f(X)<1. Thisisseen as follows.
For-1<x<1landx=#0, If(x)l—‘xasm( )‘<|x|6<1 Now f (0) = 0. Thus
-1<f(x)<1. Therefore, f (- 1)——1|sthedJsqutemrlrrum0f fon[-1,1]and f(1) =
listhe absolute meximumof f on[- 1, 1]. Assumingthat f iscontinuouson|[- 1, 1] (aswe

shdl show in part (d) below), by the Intermediate Value Theorem, f mapstheinterva
[- 1,1] onto [- 1,1].

One alternative answer for deducing this. Examine the behaviour of the Sne function.
Note that x%in(#) is continuous on theinterva [1/¥2, 1]. The interva [V¥2, 1] is
mappped in aoneoneway onto[p/2, p] under thefunction p/(2x®). Now the derivative of
xf‘sm(2 5) is 6x55|n( =) - X2 cos(%)forxin[l/?/_ 1] and is positiveon (/3?2
1) since 6x° sm( )and X2 i cos(—3) arepostlvethere Thus f isincressing on [1/32
, 1] mdthelmageof [/¥2,1] underthefunctlonx sn(ZZ ) and so under f is[1/49n(p),
dn(p/2)] =[0,1]. Similarly we can deduce that x° sin( 2)(3)and (therefore) f maps|- 1,

-1/¥2] onto[- 1,0]. Since for-1<x<landx=0, |f(X)| = ‘xssn(ZXS)‘<|x|6<1

andf (0) =0, the above argument saysthat f mapstheintervd [- 1,1] onto [- 1,1].] (All the
while we are assuming the continuity of x° sin(&) on the respective intervals)

(Thereisadidtinction between saying f iscontinuous on anon trivid intervd [a, b] and
continuity & apoint. Thefunction f iscontinuouson [a, b] meansthat f is continuous a
each point of the open intervd (a, b), theright limita x = a, Xﬂr@p+ f(x) isequd to f (a) and
theleft limtax = b, XIirp_ f(x) isequa tof (b). Itdoesnotimply that f iscontinuousat a
ora b. Infact itneed not be. Theleftlimitata, lim. f(x) may not exist and when it does,
it may not beequd tof (a). The samething can be said about the right limit & b, it need not
exist or equal to f ('b). For our function f, f isnot continuousat x = 1; but it is continuous
on[-1,1].)

Fndly for x>1, f(x)=x?+1>2. Andforany y>2, wecantake
x=Jy-1>1sothatf(x)=y . Hence f maps(1,o0) onto(2,). Hencetherangeof f
IS (2,0)U[-1,1JU (- 0,- 1) = (- o0, 1] U (2,0) .

(b) By part (8) Range(f) = (- 0, 1] U (2,0) #R = codomain( f), thereforef isnot surjective.

w7 -
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() Whenx<-1, f(x)=2x®+ 1, whichisapolynomia function, therefore f is continuouson

(d)

(€

(- o0,- 1), Snce any polynomid function is continuous on the real numbers and so is continuous
onany openinterva. When - 1< x<1andx+0, f(x) = ngn(%) and s’ncex%in(%)
iscontinuouson (- 1, 0) and on (0, 1), f iscontinuous on the union of these two intervas.
Findly when x > 1, f (X) isapolynomid function and so it is continuousfor x > 1. Thusit
remainsto check if f iscontinuousa x =- 1, 0 or 1. Condder theleft limitat x =1,

Jim £ () =lim xﬁsin(%) = 163in(%) =1 and theright limit at x =1

i 100 =fipc+1=2
Thus lim £() #lim (x) andsothe!(irrl] f (x) doesnot existand f isnot continuous at x =
1.
Now condgder theleft limitof f at x=- 1,

XJE% f(x) :xJE"ﬁ 2x3+1=-landtheright limitatx = - 1,

Jim (9 :XJE%+X6§n(%):1sin(- Zy=-1= f(- ).
Thus Iim f(x) = f(-1)andso f iscontinuousat x = - 1.
Nowllm f(X) —Ilmx sm( 3) = 0 by the Squeeze Theorem and f (0) = 0. Therefore, f is
contlnuousetx 0 Hence f iscontinuous a x for al x = 1.

f isdiffaentidbleat x =-1. Thisisseen asfaollows.

fR-f(L . X°sn(zg)+l  6Csn(zg)- X
xl—!r-q+ x+1 _xl—!r-r}.’r X+1 _XLH:TZ]H 1

by L’ Hépitd’s Rule

=6.
3
I|m ++2 = I|m 6X2 = 6.

. T(X)- f(1) M- f(l)
Therefore  lim —— 57— = lim_ —— 57— Thus f isdifferentiablea x = -1 and

f(X) f( 1) _
+

mf(x) f(O)_“ L(Z_)—Im%x sm( 3™ 0 by the Squeeze Theorem since

-IX® <x® S|n( )<|x|5forx¢0and lim |x|5—0 Therefore f isdifferentiable at x = 0
and f'(0) = 0.

Now for xin(-1, D-{0}, f'(x)=6x*sin(z5)- x*F 3 > C0(5,7)

Thus

23n

i f'(x) - £'(0) i 6x5sin(§)- X COS(2X3)

x—»O x-0 x|—>0 X

—I|m ex* sm( ) x COS(2X3) 0
since lim 6x4sm( 3) =0 and I|m xZ cos(2 5) = 0by the Squeeze Theorem.
Therefore f |stW|ced|fferent|doIeatx Oand f"(0) =0.
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. x2- 7 +10000 _ . x?2+7x3+10000 _ 7
@ M, T 5hE+x+100 M “BIx3 +x+100 - Bi-

J1A X -4 314+ 9%) 23S

(b) !('fQ - 8 _!('IQ 1 by L' Hopital's Rule
1 _1
" 6-4-47 96

(©) lim LS00 - 2sn°(x) i SN() - 4sm(x)coS(x)

X0 X X% 0
by L’ Hopltd srule.

=0

(L+3x+x2)- (1- $x+x?)
(J1+%x+x2 +J1- %x+x2)

(d) !(m(\/l+%x+x2 - Jl- %X-"Xz):!(m

[/1+l zx 1 I T lii
>X+X +J1- 2x+x2) ( < Toxtl +JX2- 2X+1)

N~

=im

In( n(I n(x))) 1

e Jim =Jim NG xIn(x) =0 by L’ Hopitd’s rule and the lagt equdity is a
consequence of the fact that |im xIn(x) In(In(x)) = .

3 InndnGg))
Therefore, |im (In(In(¥))) X =eX™ X =
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d 1
. (3 j(x2+x+1))((x2+x+2) f(x2+x+1 x2+x+2)dx

= L =2 x+1] 2 . 2x+1
j((X+z>2+3 TEENTEL A [ ﬁ] tanl[ ]*C

) 1
(b) Usetheform:;la fH®= 1)
0 a1 u 1 = 1 = a
Therefore ax 3N (ax) = ady SN~ (Y)ly=ax acos(si niy) J1-a2x2
29 .1 1 - 2.29%x
sin*(29x)dx = xsin"*(29%) - | x—==—="dx = xsin"1(29%) + 55 | —===——dx
§ ( ) ( ) j / = 292y2 ( ) 58 j /[1- 292x2

= xsin"1(29%) + 5 m +C.
©  [2peldx=]lpeid+ [ [x2]dx+§ﬁ[x2]dx+§ﬁ[x2]dx

= {2 odx+ [ 1ax+ [ 2o+ [ 2 30
=0+(/2 - D)+2(/3 - J2)+3(2- /3)=5- /2 - /3

5x4+1, x>1

o |
(d) Noteg(x) isdefined by g(x) —% x2+5 x<1

. We clam tha g isacontinuous

function. For x <1, g(x) isgiven by the polynomid function x? + 5, which we know is
continuous and S0 g iscontinuous a X for dl x <1. Smilarly for x >1, g(x) isgiven by the
polynomid function 5x* + 1, and so g iscontinuous & x for dl x > 1. Now

. —1: 2 — . —1: 4 — —
Xllrlr1 g —)!Lq] X“+5=6 Xllr1n+g(x) —)!Lq] 5x*+1=6and g(1) =6 and so
limg (x) = g(1) and g iscontinuous a X = 1. Hence g is acontinuous function. So we can

use the Fundamentd Theorem of Caculus to obtain the antiderivative.

X 3
For x<1, f; g(t)dt = j;(t2 +5)dt = [% +5t]0 = X? +5xforx<1

andfor x> 1, [ g(t)dt = [ ; g(t)dt+ [ ; gty

r 4 —cd 5 X 10
[3+5t] + (6t + 1)dt = 53 LS+t =x5+x+ 3

Therefore, any antiderivaive of g isgiven by h(x) + C where C is a congtant and

1 3+5xx<1
h(x) = i
® %x5+x+ x>1

.. =10 -
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Quedtion 4.
Note that g is continuous on the closed intervd [0, 9]. For x < 3 g(x) isgiven by the
polynomid function x? - 2x+1 and so g is continuousfor x < 3. Likewisefor x >3 g(x) is
given by the polynomid function 157 - x3 +18x? - 96x and so g(x) is continuous for x > 3.
Now theleft limit of g at x = 3, Jim g(x) = lim. x% - 2x+ 1 =4 = g(3)and the right limit
Jim. g(x) = lim, 157 - x® +18x - 96x= 4. Hence |im g(x) = g(3). Thusg iscontinuousat
x =3. Hencegiscontinuouson [0, 9]. Therefore the Extreme value Theorem saysthat g
has an absolute maximum vaue and an absolute minimum vaue on [0, 9].

Now L ) 2xX- 2,0<x<3
GOI=1 .32+ 36x- 96,3<x<9
1 2x- 2,0<x<3 1 2(x- 1),0<x<3 )
=1 3@- 12x+32),3<x<9 1 -3(x- 4)(x- 8),3<x<9

Notethatgisnotdlfferermdaleatx 3. Th|S|sseenasfoIIows
X|Lrg_%g(3)=n g()_nm 2(x- 1) = 4by L' Hopitd's Rule, and

X > 3
Jim, S99 _ iy T & = lin, - 3(x- 4)(x- 8) = - 15 and so g is ot ifferenticble

ax=3. From(1)g'(x)= O|n o, 9) |f andonly if x =1, 4 or 8. Hencethe critical points
arel,3,4and8. Now g(0) =1, g(1) =0, g(3) =4 and g(4) = - 3, g(8)=29 and g(9)=22.
Therefore the absolute maximum vaue of g is 29 and the absolute minimum vaue of gis- 3.

By the Mean Value Theorem for Integral,
2In(2 1
ne 1+exX 4 5
2ND)- @) 1ree T (@)
for some cintheinterva [In(2), 2In(2)].

Sincel + € isanincreasing function

isadecreasng function. Therefore,

" 1+e3X
1 1 1 ; @) o6 = @ = =

T+ o) < T1e% < Treom@ Adsnceen® =2 =6lande® =2 =8,

2@ 1

dx

@ 1+ e
Tre S Trew STeg TSfOM@ g < In®) < gygNde
In2) 212 1 dx< In(2)
65 — JIn©) 1+93x 9 -

Let g(x)=f(X)- f(—(x- g)) . Then g isacontinuous function on [1/5, 1] sincef is
continuouson [ 0, 1] and %(x- <) isacontinuous function and because we know thét the
difference and composite of two continuous functions are dso continuous functi ons Now

a5 )‘f( L)-t0)= f(5) f(1) sincef (0)=f(1). Also g(1)=f(1)- f(5 L= 9(5)
Thereforeether 0(1) = g(1/5) = 0 or they have opposite Sgns. Soif g(1)* O(andsog(]JS)1
0), by the Intermediate Value Theorem, there existsapoint cin[1/5, 1] suchthat g (c) = 0.
In any case, we have apoint cin[1/5, 1] suchthat g (c) = 0. Thatis f(c)=f(3(c- 1)).
Take f (x) =9n(px). Thenwe have apoint c in[1/5,1] such that

sin(rc) = sn(gr(c- £)) =sn(Ze - ).

.-11 -
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2- 2 x>1

f(X)—1I' X+1'

f 2x3- 3x+2,x<1 '
f iscontinuousat x = 1if and only if )!i£n1 f(x) = (2.
2

.2 T 2 B
Now f(1)=2- 1+1—1, XIerf+f(x)—lerr11+2- X+1—2-1—1and | |
Jim () =lim 2- 3x+2=2-3+2=1 Thus |im f(x)= f(1) adso f iscontinuous

ax=1
P2 ] _2
—=,x>1 x>1

f/(x):_!’_ (x+1)2°% _.l_ ( +1)2 .................... (1)

f 6x2-3x<1l [ g(x+ )(x- —)x<1

2 . : , . z .. .

Whenx < -, by (1), f'(x) >0and sosince f iscontinuousat x = - ——, f isincreasng
ontheinterva (- oo, - @]. Also from (1) when @ <x< g(< 1),s0 that
(x+ §)>Oand(x- £)<Oand f'(x) <O0. Hmceagalnsnoef iscontinuous & x =

-gandat X=— J_ , T isdecreasing on the closed interva [- 2 "~ ] Now when

L2 cx<1, x+Z)>0and(x- “2)>0andsoby (1) ' (x) >0. Thus f isincressing

on the interval [@, 1] snce f isaso continuousa x = 1 by part (8). Clearly, by (1), for x
>1, f'(x)>0. Thus f isincreesng ontheinterva [1, ). Hence f isincreasng onthe

interval [~ o).

From part (b), f(- %) =- 2% +3§ +2 =2+ /2 isardaive maximum and
f(@) 2L - 3? +2=2- /2 isardaive minimum vaue,
b =4 x>1
Fre) =1 Xt (2)
1 12x,x<1

From (2) forx <0, f" (x) =12 x <0and so thegraph of f isconcave downward on the
intervd (- 0,0). From (2)forO<x <1 f" (x) =12x >0and sothegragph of f isconcave

upward on theinterva (0, 1). Findly from (2) again, forx > 1, f"(x) = (x+41)3 <0andso
thegraph of f isconcave downward on theinterval (1, ).

From part (d), thereisachange of concavity of the graph of f before and after the pointsx =
Oand x =1. Thereforethe points of inflection of thegraph of f are (0, f (0)) =(0, 2) and
1 f@)=@1 1.

Thegrephof f:
’ 14
N
.-'Ill. R £
f . ;\\wf____ R
z |/ A 1 2

. -12 -
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6. (3 o e
@) In(h(x)) = 3 In(tan(x)) . Therefore, h(( )) x4 In(tan(x)) + =5 v tan(§<))() Hence
1
2 L
h'(x) :[ 3 Intan() + -5 X3 tan(%)](tan(x))[ X3]
1
=[ s Intan(x) + X13 W](tan(x))[ ]
@ §09= 156 2 ean® =15 v ramp - 10 2rer e
Therefore, by the Fundamental Theorem of Calculus and the Chain Rule,
- 2xsin(x?) cos(x)
' =73 oz (x2) + cos(cos(x?)) ~ 2 +sin?(x) + cos(sin(X)) °
(b) Notethat fsaidies f(x+y)=f(X)+ f(y) +7Xy ------------ (1)
and |Im T =4 - (2)

(i) From (1), f(O)—f(0+02—f(O)+f(O)+0 2f(0)andso f(0)=0.
f(x)
@ f'e9=lim
I f(x)+hf(h)+7xh f(x) . f(h)+7xh
- h L —
—I|m £+7x=7x+4 by (2).

by (1)

(c) Writethefollowing as a Riemann sum

i3, /i NERPATR R
DRy s (= PR ATO1
wherex, <X, <% <X, isaregular partition and Dx; = X; - X.1 .
Therefore, we can take x; :Ln S0 that Ax:%, Xo =0and xn =1. Thusby

comparing
A . -
f(X|)AXWI'[h[|3 Ji ‘%:[(_'\|3+ LJ;

Therefore | _n[ﬁ+i]:jcl,(x3+ﬂ)dx:[xj4+%x%]o

. =13 -



