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INSTRUCTIONSTO CANDIDATES

1. Thisexamination paper condstsof TWO (2) sections Section A and Section B. It containsa
total of SIX (6) questions and comprises FIVE (5) printed pages.

2. Answver ALL quedionsin Section A The marks for questions in Section A are not
necessarily the same; marks for each question are indicated a the beginning of the question.

3. Answer not more than TWO (2) questions from Section B. Each question in Section B carries

20 marks.

4. Candidates may use cdculators. However, they should lay out systematicdly the various sepsin
the calculations.
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SECTION A
Answer ALL questionsin this section.
Question 1 [20 marks]

Let thefunction f :R — R bedefined by

1 x2- 25, X<-5

1 3, X=-5
f(x)‘;i: Ax+20, - B<x<-1

§ 2x2+14, x> -1

(@ Find the range of the function f .
(b) Determineif f issurjective.

(c) Deerminedl xin R a which the function f is continuous.

(d) Fnddl xinR at which thefunction f is differentiable. Justify your
answer.

() Compute j06 f (X)dx.

Question 2 [20 marks]

Evduate, if it exists, each of the following limits.

. x2- 81X +7
@ M, 24e+17x+ 3

_ x2dn(x)
© i s

(©) lim X2+ c0X)

X— 00 X2+1

(@) lim 218X -5

X-> 3 X- 3

© lim( n(x))s"®
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Question 3 [20 marks]

xe2¥ - §n(2x)
62 +c0s?(X) + 2

(@ Evduae |

(b) Compute | _31 J7 +1x dx.

(c) Find an antiderivative of g(x), which is defined by

1 x3+7, x>1
90 =1 oxsre, x<1

(d) Evaluate

Sj—

(© Evauate | x3cos(X)dx.

SECTION B

Answer not more than TWO (2) questions from this section. Each question in

this section carries 20 marks.

Question 4 [20 marks]
(@ Letg:[-2 6] ® R beafunction defined by

_| x2+2x 5, - 2<X<2
909 =1 xo_ 12x2 + 45x- 47, 2<x<6

(1) Findthecritica points of the function g in theinterva (- 2, 6).

(if) Hence, or otherwise, determine the absolute maximum and the

absolute minimum values of the function g.
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(b) Let h:[0, 1] ® R beafunction defined by

+1
ho) =357 -

Prove that there exists area number cintheinterva [0, 1] such that
h(c)=c.

2
(c) Find % by implicit differentiation if y? + 10x = cog(5y).

Question 5 [20 marks]
Let the function f be defined on the real numbers R by

. b A3 +3x%-6x-1, x>1
X)=1i 2X :
i - Tee x<1

(@ Determineif thefunction f iscontinuousat x = 1.
(b) Find theintervasonwhich f is(i) increasing, and (ii) decreasing.
(c) Findthereativeextremaof f .

(d) Find the intervals on which the graph of f is(i) concave upward and

(if) concave downward.

(e) Find the points of inflection of the graph of f.
(f) Sketchthegraphof f.

Question 6 [20 marks]

(@ Differentiate each of the following functions.
@) h() =(n(e+x2) +e)™® x>0,
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sin(x)

@ 0= zranaydt
(b) Let thefunction f be defined on the real numbers R by

f(x) =[3etdt
() Prove that the function f isan increasing function and that f hasan

inverse function f ~*
(i) Hence, or otherwisg, find the derivativeof f "' a x=0.
(iii) Show that for x3 0, e’ >1+x2. Usethis or otherwise show that

fO<%.

(iv) By considering that for x > 1, f(X) :j(l)e"zdtﬂze"zdt or
otherwise, show that for al x3 0, f(X) <1 (You may assume that
e>27andp<32)

END OF PAPER
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Thefunction f isdefinedby f(x)
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Answer To MA1102 Cdculus

SECTION A (Compulsory)

I x2-25 x<-5
} 3, x=-5

i

i

r AX+20, - 5<x<-1
2°+14, x>-1

(@ Forx<-5, f(x)=x%- 25>0. Also,for x<-5x%- 25>0& x<-5

(b)

Thus f maps (- «,- 5) onto (0, «) . (Becausefor any y > 0, we can take

x=- [y+25(<-5)s0tha f(x)=y) Also, for-5<x<-1, f(x) =4x+20. Therefore,

0<f(x)<16. Thisisbecause-5<x<-1U 0<4x +20<16. Forany ywithO<y<
y- 20

16 we can take X=—7 and for thisvalueof x, -5<x<-1. Itfolowsthat f maps

(-5,-1) onto (0, 16). Now forx3 -1, f(x) =2x2+143 14. Alsoforany y3 14, we
can take x = y-214 >0>-1 Theefore f maps[- 1, ¥) onto [14, ¥). Hencethe
rangeof f isf((-¥,-5)E {f(-5)}E f((-5 - D)Ef (- 1¥)) = (0, ¥)E{3}E(O,
16)E[14, ¥) =(0, ¥).

By part (&) Range(f) = (0, ¥) ' R =codomain of f . Therefore, f isnot
surjective.

(©) Whenx<-5, f(x)=x?- 25, whichisapolynomia function, therefore f is

differentidble on (- oo, - 5), Snce any polynomid function is differentiable on the redl
numbers and so is differentidble on any openinterva. When-5<x<-1, f(x) =4x + 20
and isapolynomid functionand so f isdifferentiable on (-5, -1). Likewisef isdifferentigble
on (- 1, ¥) gncef (x) = 2x2 +14 , apolynomid function. Thuswe can concludethat f is
differentidbleat x for x * - 5, - 1. Since differentiability implies continuity we condude that f
iscontinuous at X iNR forx* -5,-1. Thusitremainsto checkif f iscontinuousat x = -
50r-1. Congdertheleftlimitat x =- 5,

Xli_rp, f(X) :Xﬂ_nsl x2 - 25=0and theright limitat x = -5

Jim, f(X) = lim, 4x+20=0.
Thus since XL'”Q f(x) :Xﬂ_@ f(X), )!LmS f(x)=0. But f(-5)=3and s0
lim f()#f(-5) and thus f isnot continuous at x = - 5. Now condder the left limit of f
a x=-1,

x»IEniB f(X) :XJE"% 4x+20 = 16and theright limitat x =- 1,

xJJ-rB L fX :XJ}% 2x2+14=16= f(- 1)
Thus lim f(x) = f(-1) andso f iscontinuousat x = - 1.
Hence f iscontinuous at x for al x « - 5.

(d) Frompart (c) since f isnotcontinuousa x =-5, f isnot differentisbleatx =- 5.

Now it remainsto check differentiability at x = - 1.

) f(X)-f(-1 ) 2 - .

lim f®-1C1) = lim 2x°+14- 16 _ lim 2(x- 1)=-4
X -1+ X+]( X > -1+ X+1 X -1+

i f(¥-f(-1) lim AX+20-16 _ i 4,
X—-1- Xx+1 Txo -1 x+1 Txo>-1-
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Thes f isnot differentizbleat x = - 1since fim 9T C D g T®-TCD
X—->-1- +1 X%-l*’ X+1

Therefore, f isdifferentiable at x for x not equa to- 5or - 1.
0 -5 -1 0
© [ feyax=[_o fOddx+ | o foadx+ [, f(x)dx

= o (X~ 25))dx + [ . (4x+20)dx+ {° . (2x2+14)dx

= [X? 25x] +[2x2 + 20x]- 5+[2XT +14X]
6- 53 1
:[ S -25]+[2(1 25)+20x4]+[ +14] =52

x2- 8x°+7 _ X2 +83+7 _1
2. @ Jim, 203 +17x+3 M 243+ 17x+3 ~ 3
o xesn(x) .
(b) !(Ln(? Sn() —|)(I£]6I sm(x) I|mxsm(1/x) 1x0=0 9gnce
X — 1 A 1 1
Ilrg Sn() lem cos(x) =1 byL'Hopitd's Rue and
!(II‘Q xsin(1/x) = 0 by the Squeeze Theorem becausefor x * 0
- [X| £ x In(1/x) £ || and !(I_I:B] X =
© X(2 + cog(x)) 2Ix+cosg(X)/x _ Jim 2/x+]im cosX)/x  g4q 0
IM=Sev1 SIMT1e =7 jmisme D140

since Jim 2/x = 0and Jim cos(x)/x = 0 by the Squeeze Theorem because for x > 0,
- VX[ £ cos(x)/x £ 1/ |x| and |im 1/|x| =|im - 1/|x| =

J16+x2 - 5 3(16+x) ¥2x 3

@ Jim 3 =N 1 - /%5

= % by L’ Hopitd'srule.

In(sin(x)) _ i cot(X)
csc(X) i csc(x)cot(x)
by L’ Hopitd’srule and the last equdlity is becausexl|r(r)1+ sn(x) =sn(0) = 0.

Therefore, lim (s'n(x))s'n(x) - e)I(Lngo sin(x) In(sin(x)) — e0 =1
x- 0%

(e Xlirg+sin(x)ln(sin(x)) :quir(rg+ = I|m an(x)=0

xez*’ - sin(2x) j dy
e2*® + cos2(X) + 2 2+ cos2 (x)+2 dX

Wherey 6% + cos?(X) + 2

3@ |

dy
1 " dx
= [ dy by subsitution or chenge of variable
= Inly| + C = In(ez** + cos?(x) + 2) + C.

(b)j J7+Ix dx= f J7+Ix dx+§o,/7+| dx
—f J7 dx+j 7+ x dx

=L 30- 03], (30wt
:%(82-72)+ (]_02-72)

= xe?¥’ - €in(2X),
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=£(16/2 +10/10 - 14/7)=5(8/2 +5/10 - 7/7)

‘| x2+7,x>1
© 909=1 5o 46 x<q
Note that Jim g(x) =lim (x®+7)=8=g(1) ad

. Iy 4 _
lerP- a(x) _XILT- (2x*+6)=8.
Therefore, lim g(x) = 9(1) and so g iscontinuous a x = 1. Since g isapolynomia function

on the openinterva (-¥, 1) and dso on (1, ¥), g is continuous on these two intervals. Thusg
is continuous on thewholeof R.  Therefore we can use the Fundamenta Theorem of
Cdculusto obtain an antiderivative. By the FTC,

G(x) = f)l( g(t)dt isan antiderivative of g(x).

tdt, x> 1 2 +7)dt, x> 1
Now G(x) = f g(tdt = § g()dt, x 1| f( )dt, x
§1 g(dt,x<1 f j1(2t4 +6)dt,x<1
[l I X, o 29
=:' [45+7t]lx>1 :: 45 + 7X- 4,x>1
% [2%+6t] xz1 1 2%+6x- 352,x>1
(Any antiderivative of g(x) of theform G(x) + C is acceptable.).
@ [ ax= [ ax Do,
\/ﬁ(+3

wherey = (/X +3)‘

’ dx Jﬁ 2}? ’
=4[(y?- 3Pdy since /X =y?-
=4[y~ 6y +9)dy =4(3y°- 2° + ) +C
=2(/x +3)2- 8(/x + 3T +36(/x +3) +C.
@ | cosx)dx=x3sn(x)- | 3x2sin(x)dx by integration by parts
= x3sn(x) - 3(x2(- cos(x)) + | 2xcos(x)dx)
by integration by parts applied to f X2 sin(x)dx
= x38n(X) + 3x2 cos(X)) - 6§ xcos(X)dx
= x3 sin(X) + 3x? cos(x)) - 6(xsin(x) - f sin(x)dx}
by integration by parts applied to | xcos(x)dx
= x39n(x) + 3x? cog(X)) - 6xsin(X)- 6cos(x)+C.
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Question 4.

o 1 x>+2x-5 -2<x<2
-2 R =1 ’ < '
@ 9:[-26] ® Risdefinedby 90) =1 3 152 4 a5k 47, 2<x<6

() Note that g is continuous on the closed intervd [- 2, 6]. For - 2 £ x < 2, g(x) isgiven by the
polynomid function x? + 2x - 5 and so g iscontinuouson [- 2, 2). Likewisefor2<x £ 6,
g(x) isgiven by the polynomid function x3- 12x2 + 45x- 47 and so g(x) is continuous on
(2, 6]. Now theleft limitof gat x =2, Jim_g(x) = lim, X2 + 2x- 5= 3and the right limit
Jim, g(x) = lim, x3 - 12x% +45x- 47=3=¢(2). Hence lim 9(X) = 9(2). Thusg is
continuous a X = 2. Hence giscontinuouson [- 2, 6]. Therefore, the Extreme Value
Theorem says that g has an asolute maximum vaue and an absolute minimum vaue on [- 2,
6].

1 2x+2,-2<x<2

~1 3x%- 24x+452<x<6
i
=1
i

i

Now g'(x)

2(x+1),-2<x<2 2(x+1),-2<x<2

|
= —(1
3(x2- 8x+15),2<x<6 1 3(X- 3)(x- 5),2<x<6 )

Notethat gisnot differentidbleat x = 2. Thisisseen asfollows:

Jim M = lim gi) =lim 2(x+1) = 6by L' Hopitd's Rule, and

XILnZ1+ (X))(_ g(2) gi) = I|m 3(x- 3)(x- 5) =9 and so g isnot differentiable a x

=2 since lin Lg(z)  lim %. From (1), g'(x) =0in - 2, 2) if and only
X—2° - X 2% -

ifx=-1landg'(x)=0in (2, 6)if andonly if x =3 or 5. Hencethe critical pointsin (- 2, 6)

are-1,2 3andb.

@i Nowg(-2)=-509(-1)=-6,g(2=3andg(3) =7,9(5) =3 andg(6) = 7. Therefore, snce
g iscontinuous on [- 2, 6], the absolute maximum value of g is 7 and the absolute minimum
vadueof gis- 6.

(b) h:[0, 1] ® R isdefined by h(x) = é(xtrll Then hiscontinuous on [0, 1].

Defineafunction k :[0, 1] ® R by k(x) = h(x) - x. Then plainly, k isa continuous function
on the closed and bounded interval [0, 1].

- X
k(x) = é(xill X = 1ex—}fel. k(0) = eol+ 1 —5 >0 and k(1) —m <0sncee> 1
Therefore, by the Intermediate Value Theorem, there exists apoint ¢ in (0, 1) such that k(c)
=0, 1.e, h(c)=c.

Alternative solution:
For any real number x, €>x. (Why? Obviously, x£ Oimpliese*>x, andforx >0
g >xif andonly if x > In(x) = fi %dt which is obvioudy true)
Therefore€* +1>x + 1 and s0
0<h() =2t <1for0EXE 1. -rmsrmmmecsrcnneas (1)
Hence h maps [0, 1] into [0, 1].

.. =10 -
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Defineafunction k :[0, 1] ® R by k(x) = h(x) - x. Then plainly, k isa continuous function
on the closed and bounded interva [0, 1].

Inparticular k(1) =h(1) - 1<0 by (1) and k(0) = h(0) >0aso by (1). Therefore, by the
Intermediate Vaue Theorem, there exigsapoint c in (0, 1) such that k(c) =0, i.e,, h(c) = c.

[Actudly, you need only show h(0) >0and h(1) <1. Obvioudy, h(0) = O+ % >0
1+1 2
andh(l): e1+1:m<%:l.]
(©  y?+10x=cog(By)  ---m--mmmmmesmssmsmmsmeseeseeoe (2)
Differentiating (2) implicitly,
2yd— +10=- 55m(5y)0|
Hence (2y + 53|n(5y))d =-10 ----emmmemme e (3)
Differentiating (3) implicitly, weget
(2+25cos(5y))[ ] +(2y+ 53m(5y))— =0.
d’y 2+ 25cos(5y) (dy] 2 + 25cos(5y)
Hence +——= =-—————5| 5| =- .
dx>  2y+5sin(Sy) (2y + 5sin(5y))°
0 1 43 +3x2- 6x- 1,x>1
5. X) = 2X
i L Teex<t
€) f iscontinuous a x = 1if and only if )!iml f(x) = f(2).
: . 2X
Now f(1)=4+3-6- 1=0, lenf- f(x):XIer11_ 1- 752 =1-1= Oand

Jim () = lim, 4x3+3x%- 6x- 1=4+3- 6- 1=0 Thus lim f(9=f(1) andso f
iscontinuous e x = 1.

(b) f I(X) = \i 22-12 _):2)(-2'-)6_)( éX?é;(()> 1 _ \'Il 6(2X)2(2+-X]- 1), Xx>1
. (1+x2)2 ,X<1 ¥ 2(1+X2)2,x<1
b 6(2x- D(x+1),x>1
i 2% D (1)

From(1) f'X)=0in(-¥, 1) ifandonlyif x=-1andf'(x)* Ofor xin(1, ¥).

From (1), forx<-1, f'(x)>0(gnce(x- 1) <0and(x +1) <0)and so f isincreasng
on(-¥,-1]. Alsofrom(l),for-1<x<1, f'(x)<0(snce(x- 1)<0and(x +1)>0)
and sof isdecreasng ontheintervd [- 1, 1]. The end points are included by continuity.
Findly from (), f'(x) >0in (1, ¥) and sof isincreasing ontheinterva  [1, ¥).

(0  From part (b) or by the 1t derivative test,

f (-1 =2isardaivemaximumof f and f (1) =0isardative mnimumof f .

.-11 -
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i 24x+6,x> 1
') =1 4xB- X%
[ @ X<t
24x+6,x>1

4x(x - /3)(x+ V/3)

N PO ERL

Note that f isnot differentiadbleat x = 1. Thisis deduced as follows.

Jim, M ILm m = lim, 6(2x- 1)(x+1) =12 by L' Hopitd's Rule, and
. f(X) f(2) m (X) x?- 1
Jim — = ( ) f(l) = lim rr]:(z) 1 ?()12))2 =0 and so f isnot differentiable a
. . X X
X—lSﬂCEX|Lm Cox-1 x»1+ Cox-1

From (2) forx <- (8, f" (x) >0sincex<0,x<@Bandx <-Bandsothegraphof f is
concave upward on theinterva (- ¥, - 8). For -B<x<0,x+(B>0,x<0andx- C3
po o AX(X- /3)(x+ V3)
<O0andso f"(x)=- (_1+X2)3 ) )
downward ontheinterva (- (B, 0). For0< x<1, x+B>0,x>0andx- B<0and

by AX(X- V3)(x+V/3)
so f7(X)=- (1+x2)3
intervd (0, 1). Findly forx > 1, from (2), f"(x)=24x+6>0andsothegraphof f is
concave upward ontheinterva (1, ¥).

< 0 and therefore the grgph of f isconcave

> (0 and thegraph of f isconcave upward on the

From part (d), thereisachange of concavity of the graph of f before and after the points x

=-@Bandx =0. Thereforethe points of inflection of the graph of f are (-G8, f
(- ¢B) = (- C8, 1+§) and (0, f(0)) = (0, 1).
Thegraphof f :
B
[Graph of v = flx]] 2.5
. 2
_——/)/
. 1.5
| .
-2 | -1 1 2
-a.5

. -12 -
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6. (a
0} h(x) = (|n(e+ XZ) + ex)cot(x)
Then In(h(x)) = cot(x)In(In(e+ x?) + &) ---------------- (1)
Differenti ating on both sides, we obtain
100 =- esc?(yIn(ine +2) +€) + Cotl e )}Zy < (&5 +e)
Therefore h'(x)  cot(X)(2x+ et +x2eX)  In(In(e +x?) +€e¥)
"h() T (e+x2)(In(e+x2)+ex) S|n2(x) '

o [cot()(@x+ et +x2e)  In(In(e+x?) +eX) X)L

i )_[(e+x2)(ln(e+ X2) +ex) sin?(x) (In(e+x2)+e) t
sin(x) sn(x) t

M 100=1%" zram =l mdt Jo zranmyt
_F(Sln(X)) F( X) WhereF(x) fom
But, by the Fundamental Theorem of Calculus,
F’(x):W);(XZ).

Therefore, j'(x) = F'(Sin(x)) cos(x) - F'(- X)(- 1) by the Chain Rule
sin(x) cos(x) X

T 2+dn@En?(x)  2+sin(@)’

b fx=[,evd

() By the Fundamenta Theorem of Cdculus,
f'})=e*>0 ---mmm-mmmmmomeee- (1)
fordl xinR.
Therefore, f isanincreasing function on R and henceisan injective function
Consequently, f hasaninversefunction f ! with doman f (R).
@M By@f'(x?oO. Therefore

(F D' =7 1m 7 (f 1(X)) """""""" (2)

Now since f (0) = j edt=0and f isinjective, f-1(0)=0 and so by (2) and (1)
1 1 1
(FYO= oy " 7o - -1
(i) Consider thefunction g(x) = €° - (1+x?). Then gisdifferentigbleon R and
g'(X) =2xe’ - 2x=2x(e° - 1). Sincex?>0impliesthat e > e =1,
e - 1>0forx?! 0.
Therefore, for x >0, g'(x) = 2x(e - 1) > 0. Hence g isincreasing on theintervel
[0, ¥) sncegiscontinuous a 0 aswdl. Thusfor any x > 0,
g(x) >g(0)=€°- (1+0)=0.
That meansfor x 3 0, e > (1+x2).

Alter native solution:
e’ > (1+x%) = x2 > In(l+ ) = j ------------ (3)
1 2 l+ 2 2 2 2
Now for t3 1, +<1 sothatj <j1 1dt=x2. Thuse® > (1+x2).

. =13 -
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1 1 1 R
Thereforeex 1+ 5. Thusforany x3 O, f —dt jo 1+t2dt tan1(x).

Hence f (1) = j <Fdt<tan 'm=7.
(iv) Since f isanincreasng function (by (i), forx £1, f(X) £ f (1) =p/4< 1l

Now for x > 1, f(x)=fcl)e'tzdt+j;(e'tzdtzf(1)+j)l( edt<% +f)1( e dt - (4)
Now for t>1,e¥<te® andsoforx>1,
|7 etdt< j)l(te'tzdt:% N e't22tdt:% i e'tzwdt whereu =t2
1% . 1y _uyx? 1 1
Sijleuduzi['eu])l( :%(ﬁ 2)<2e
Therefore, by (4) for any x > 1,
<2+ <08+019<1,

2e
Hencefor any x, f(x)<1.

. -14 -



