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INSTRUCTIONSTO CANDIDATES

1. Thisexamination paper conastsof TWO sections: Section A and Section B. It contains atotal
of SI X questions and comprises FOUR printed pages.

2. Answer ALL quedionsin Section A The marks for questions in Section A are not

necessarily the same; marks for eech question are indicated a the beginning of the question.

3. Answer not more than TWO questions from Section B. Each question in Section B carries 20

marks.

4. Candidates may use caculators. However, they should lay out systematically the various stepsin
the cdculations.
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SECTION A
Answer ALL questionsin this section.
Question 1 [20 marks]

Let thefunction f :R — R bedefined by

1 x3+1, Xx<-1
I
f ()= % sw{—) -1<x<landx+0
| 2x2 - x>1
7 0, x=0

(@ Findthe range of the function f .
(b) Determineif f issurjective.

(c) Deerminedl xin R a which the function f iscontinuous. Justify
your answey.

(d) Is f differentiableat x =1? Justify your answer.
(© Evduae | f(xdx
Question 2 [20 marks]
Evduate, if it exists, each of the following limits.
. D +xsin(x®) +1
@ ,lim, 2 - 21C +3
(0 Jim (cos&))".

. sin(sin(x))
© lIm=e+2x

(d) Jim v2+x+x% - J2- x+x2 .
. 5sin(x)
© =%
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Question 3 [20 marks]

2e* - sin(2x)
e +Cc0s2(x) +1

(@ Evauate | dx.

(b) Compute | s(lx- 1l +Ix- 2l)dx.
(c) Compute ff(ln(Sx))zdx.
(d) Evauate | cos(tan(x)) sec3(x)dx

(@ Evauate | Jxe’/*dx.

SECTION B

Answer not more than TWO (2) questions from this section. Each question in

this section carries 20 marks.
Question 4 [20 marks]

(@ State, but do not prove, the Mean Value Theorem.

(b) Provethat cof(%) - 1=-J5 csc?(c) for somecin (% %)

(c) Suppose f isadifferentiable function defined on R such that
1. f(0)=0 and

2. f')=1X5 fordlxinR.
(1) Show that if x> 0, then there exists cin the interva (0, X) such that
fF)__¢?
X 7 1+2c%°
(i) Deducethat O0<f(X) <xforx>0 and 0> f(x) >xfor x<O.

(d) Show that the equation

9
Xt —=5—=
1+ sin?(X)
has at |east one redl root.
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Question 5 [20 marks]

(@ Differentiate the following functions,
() h(x) = (In(1+x?) +1)".

(1) 169= jxxz 1+2t2 ':!: sin(t?) a

(b) Letthefunction k bedefined on R by
k(X) = jf e Udt.
() Without integrating, show that the function k isinjective.
(i) Determine (k 1)'(0).
(c) Suppose that the function g defined on R satisfies
1. g(x+y) =g(x) g(y) fordl xandyinR,
2. 9(0) =1 and that
3. gisdifferentiableat x=0and g (0) = 1.
By consdering the limit of the difference quotient

g(x+h)- 9(¥)
h 1
show that g is differentiable at x for dl x and that g’ (X) = g(X).

Question 6 [20 marks]

Let the function f be defined on R by
_1+x-x?
F(9 =5 1)

(@ Show that if x* 1, then

(=2 and 19 = H

(b) Findtheintervalsonwhich f is (i) increasing, and (ii) decreasing.

(c) Find theintervals on which the graph of f is (i) concave upward, and
(if) concave downward.

(d) Findthereative extremaof f,if any.
() Findthe absolute extrema of f, if any.
() Find the points of inflection of the graph of f.

(g) Findthe horizontal and vertical asymptotes of the graph of f and
sketch the graph of f.

END OF PAPER
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Answer To MA1102 Cdculus
Question 1
T x3+1, x<-1
i S"{L) -l<x<ladx+0
Thefunction f isdefinedbyf (x) =i 2x/” =0
I 2x2%- 1, x>1
i 0, x=0

@

(b)
(©

Forx<-1, f(x)=x3+1<0Q Also,for x<-1x3+1<0ex<-1

Thus f maps (- «,- 1) onto (- «o, 0) . (Becausefor any y < 0, we can take
x=Jy-1(<-1)sothat f (x)=y) For- 1<x<1adx+0, 1t 0ol =|sin( £ )| < 1.
Now since % £ x £ 1if and only if = 5 < 2 <, theimage of [1/2, 1] under f istheimage

of [p/2, p] under thesinefunctionand so f ([1/2, 1]) =[O, 1]. Similarly the image of [-1,
-1/2] under f istheimageof [- p, - p/2] under thesinefunction andsof ([-1, -1/2]) =[-1,
0]. Thisisbecause -1£ X £ -%2 ifandonly if -7 <5~ 2x <- 5. Thus with f (0) =0, we
concludethat f ([-1, 1]) =[-1, 1].

Another easier way to show thisisasfollows. For -1 £ x £ 1, we observe as above that - 1
£ f(x) £ 1. Thismeanstheimageof [-1, 1] under f iscontainedin[-1, 1].

Next observethat f (1/3) =an(3p/2) =-1andf (1) =d9n(p/2) =1. Notethat f onthe
interva [1/3, 1] isgiven by Sn(p/(2x)) and so is continuous on [1/3, 1] because of the fact
that the function p/(2x) is continuous on [1/3, 1] and Sneisa continuous function implying
that the composite Sn(p/(2x)) is continuous on [1/3, 1]. Therefore, by the Intermediate
VdueTheoremany ywith -1=f (U3)£ y£1=1 (1) isintheimageof [1/3, 1] under f .
Thismeans f ([-1, 1]) contains[-1, 1]. Therefore, f ([-1, 1]) =[-1, 1].

Now for x > 1, f (x) =2x2-1>1. Alsoforany y> 1, wecantakex = Lzl > 1such
that f (x)=y. Therefore, f maps (1, ¥) onto (1, ¥). Hencetherangeof f isf ((- ¥,
-DEF(-LADE T ((1,¥) =(-¥,0E[- 1, 1JE(L ¥) =(- ¥, ¥) =R.

By part (a) Range( f ) = R =codomain of f . Therefore, f issurjective.

Whenx <-1, f(x) =x3+ 1 isapolynomia function and so f is continuouson (- oo, - 1),
snce any polynomid function is continuous on R and o is continuous on any open interva.
When-1<x<0, f(x)= sir(g() and since sine is a continuous function and the function
2Xlsaoontlnuousfunctlonon x>0, f on (- 1, 0) being the composte of these two
continuous functions is therefore continuous on (- 1, 0). Similarly, f iscontinuous on the
interval (0, 1). f iscontinuouson (1, ¥) sncef (xX) = 2x? - 1, apolynomid function. Thus
we can concludethat f iscontinuous at x forx* -1,0,1. Thusitremansto checkif f

iscontinuousax = - 1,00r 1.
Condder theleft limitat x = - 1,
Xli_r?_ f (X) :Xﬂ_rrlm_ x3 +1=0andtheright limitax=-1

. £00=,Jm.5r(Z) =-1
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Thus, since Jim £09 = lim, f(x) lim f(x) does not exist. It followsthat f isnot
continuous a X =- 1. Now congder theleft limitof f a x =1,
. 0 R . .. _

Xllq] f (X) —Xllrp_ sr{ 2xj =landtheright limitatx = 1,

Jim, £ (x) = lim 2x%-1=1=f(1)
Therefore, lim £ (x) = f(1) andso f iscontinuousa x = 1.
Now we dam that the limit of f at x =0 cannot be equa tof (0) =0. We shall show that
we can find ae > 0 such that for any d > 0, we can find axy such that [X4 - O|]< d but |f (X4

- f(O)=]f(Xy)|® e. Wedhdltekee=1. Foranyd >0, since I|m 2N+1:O,threr
1 —
exigsapogtiveinteger N > 1 such that SN+ 1 <. Sowetake0<x(s- SN+ 1 <a

Then [f (xs)- f(0) =If (xs)l :‘sir((2N+1)%)‘ =1>¢. Thus f isnot continuous a x
=0. Therefore, f iscontinuousat x for dl x except for x =- 1 or 0.

To Checkthedifferentiabilityof f a x = 1 condder the following limits
im 100 T _ o 20121

Jim, —— = lim, S Xllm 2(x+1)=4
: T
|' f(x) f(1) _ 5"(5) - COS( 2x) ( 2x2) N
xlnl] X-1 x»l- x-1 _x»l -
by L’ HOpital’ sRuIe
Therefore, f isnot differentisbleat x =1 9nce |lim M # lim M
X—1- x-1 X 1+ Xx-1

f isRiemannintegrable on[-1,1] sincetheredrictionof f iscontinuous on [- 1, 1] except
forx =0. Notethat f isanoddfunctionon[-1,1],i.e. f(-x)=- f(x) fordl xin[-1,
1] becausef (- x) =dn(p/(- 2x)) =- dn(p/(2x)) =- f(x) forx* Oand for x =0,
obvioudy f(- 0)= f(0)=0=- 0=- f(0).
jo f(x)dx=j0 - f(x)%dx where u = -xsothat@ =-1
-1 -1 dx dx
j f (- u)du by the Change of Variable formula,
-f f(Yau since f isan odd function,
j . f(u)du— j . f(x)dx byrenammgthevarlable
Therefore, § f (x)dx = § f(x)dx+§ f (X)dx = j f(x)dx+§ f (x)dx =0

Question 2
i DX L L 7+—sn(x3)+ _ 7 _ 1
o T2 21x3+3 e 20143 2103

3
Thisisbecause Jim n( ) =0 by the Squeeze Theorem since

sm(x3)

<X—forx>0 and I|m =0

(b) Jim (cos(x)) Let y=(cos(%)".
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cm( ) T

n T
lim In(y) =Jim x In(cos(%)) =im IMCO;(X)) =lim COS() S by L' Hopitd's

X2

Rule,
=fim - ntan(%) = 0,

Jm y= elém'”(Y) = eo =1.

SNENX)) _ oy COSSNN COS) _ 1) yaitalrs Rule

© Jm=erx 2X + 2 -2
d i +X+X2 - J2-x+x% = |i 2X
@ Jim J2+x+x% - J2- x+x? = lim T e
- 2 2
lim =—£-1
e X—22+%+1+J%i-%+1 2
T i D = - T
(e )!mT _Xler(} 5 =% by L’ Hopitd'srule.
Question 3
2e2X-sin(2x) dy
@ j e2><+c052(x)+1 j e2x +cosZ(x)+1 dx x

wherey = e + cos?(x) + 1, % =2e2 - sn(2x),

= | %,dy by substitution or change of variable
, = Inyl + C = In(e®* + cos?(x) + 1) + C.
(b) Jo0x- 1l +Ix- 2l)dx

1 2 3
= [o0x- 2 +1x- 2)dx + | (x- 2 +Ix- 2)ax+ [ (x- 2 +1x- 2/)dx.

= [3(3- 20dx+ [ 1dx+ [ 2(2x- 3)dx.
=[3x- x?]§+1+[x?- 3x]3=2+1+2=5.

© [Un(Bx))?dx = x(In(5x))* - | 2In(Bx)dx = x(In(5x))? - 2x In(5x) + | 2dx
by integration by parts
= x(In(5x))” - 2xIn(5x) + 2x + C.
Therefore, j (I(5x))2dlx = [x(N(5x))? - 2 In(5x) + 2x
= 2(|n(10))2 4In(10) + 4- (In(5))* +2In(5) - 2
= 2(n(5)) + 2(In(2))2 + 4IN(5)(IN(2) - 4In(10) - (In(5))* +2In(5) + 2
= (In(5))” + 2(In(2))? + 4InG)(IN(2) - 2In(5) - 4In(2) + 2

| (d) jcos(tan(x)) sec?(x)dx = fcos(tan(x)) dx , where u = tan(x)

= j cos(u)du = sin(u) + C = sin(tan(x)) + C by subdtitution or change of variable.
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- du__1
J_
(€) Evduate | /xe/Xdx. Let u =(x. Then "R
du
r I 2
| 2xe® 2J_ dx = | 2xe’® -5 dx = 2 | uZe!du by substtution

= 2u2eY - 2 [ 2ue"du by integration by parts
= 2u?eY - 4ue" + | 4e'du by integration by parts

= 2ulel - 4ue' +4e' + C=2xe’™ - 4/xe’* +4e’* +C

Question 4.

(& MeanVaue Theorem datesthat if f [a, b] ® R isafunction such that
1. f iscontinuouson [a, b] and
2. f isdifferentidbleon (a, b),

then there exists c in (a, b), such that f(b) f(a)

=1'(0).

(b) Note that cot(§) =1.  Since cot is continuouson [%, %] and differentiable on (%, %),
bytheMeaanueTheorem theree><|stscm(— ) such that
cot( )- cot( )

ﬂ 7 csc?(c) .
5 4
Therefore, cot (£)- cot(%) = (& - %) (- ese2(0)) = 35 csc?(c) -

(© () Since f isdifferentiadbleonR, by the Mean Vaue Theorem, for x > 0,
M = f'(c) forsomec suchthat 0<c<x
Therefore, Snce |t isgiventha f (0) = 0 by condition (1)

and f'(c) = 1+ 202, by Condition 2, we have that f)EX) =
(if) Thus forx >0, wehavethenby (i) that 0< —— =755

(>0) weget 0< f(X) <x.
Smilarly for x < Of, by the Mean Vaue Theorem we have that for some d such that
2
x<d<0, 0< )((X) =7 EZdZ <1 Thus multiplying thisinequality by x (<0), we
havethat 0> f (x) > X
(d) Let g(X) X"+ 1+S'n28()
o-2)=-32-3+ ﬂ_
Thus g(-2) <0<g(0). Thussincegiscontinuouson [- 2, O], by the Intermediate
Vaue Theorem, thereexigscin(- 2,0) suchthat g(c) =0. That isto say, cisaroot of the
equation

Cz
1+2c2°
< land somultiplying by x

- 3. Then gisacontinuousfunction on R.

26<0andg(0)=6>0.
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U T
1+3n°(x)

Quedtion 5.
@ @ h(x) = (In(1+x?)+1)5"*
Taking logarithm on both sdeswe get  In(h(x)) = sin(x) I(In(1 + x?) + 1) .
Differentiating both sides we get, M
% = cos(x) In(In(1 + x2) + 1) + sm(x)ln(ll+x2

= cos(x) In((In(1 + x2) + 1) + e x252()l(n?;€)r()x2) 7
Therefore,

h'(x) = (cos(x) I((In(1 +x?) +1) +

2x8n(x)
(1+x2)(In(1+x2) +1)

] In(1 + x2) + )3

(i) j(x)= fxxz 1+2t2 ];r sn2) &

. X 1 X 1
Therefore, j(X)—jO 1+2t2+sin(t2)dt' §O 1+ 2t2 +sin(t2)dt'

Hence by the Fl,lzndamentd Theorem of Caculus and the Chain Rule,
X 1

09 = 1+ 2x4 + sm(x4) 1+2x2 + 9in(x?)’
(b) Now k()= , et

(i) Thusby the Fundamenta Theorem of Caculus and the Chain Rule,

k'(x) = 3x2e*°. Notethat k is continuous since it is differentiable on R. Also for x
10, k'(x) >0. Therefore, kis (drictly)increesing on (-¥, 0] andadsoon [0, ¥).
Thismeansk is(drictly) increesng on R. Therefore, k isinjective.

(i) Notethat k(1) =0 andsok'*(0)=1. Thussncek'(1) =3e*1 0,

SNy 1 __1 _
k'O = wrcio) = K@) = g

(0 Notethat g stidfiesthe following three properties.
1. gx+y)=g(x) oy)fordl xandyinR,
2. g0)=1landthat 3. gisdifferentiableat x =0and g (0) = 1.

Forht O, g(x+hr)]- 9x) _ g(X)g(hg- 9(x) by property 1,

g(h ) g(h) - 9(0)
h

=gX)—FH— =9K)
Therefore,
fim g+ hr)1- 9() _ = im glx )g( h)- 90 _ = g9 fim g(h)-h 90) _ 99 (0)
snceg |sd|fferentidaleat X =0 by Property 3
=9(x) 1=9K)
Hence g isdifferentiable at x for dl x and that g'(x) = ().

by property 2.

.. =10 -
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Question 6
_1+x-x2 _ 1 1
FO)= - 1)2 =-1- X-1 (x-DpZ T *)
Notethat f iscontinuousand differentigdble on R- {1} sinceitisarationd function.
! _ 1 2 __Xx-3
1" — -2 6 _ - X
and s = P -2 “ -1 (2).

(b) Forx<1,by (1), f*(x)>0. Therefore, f isincreasang ontheintervd (- ¥, 1). For 1<x <
3,aganby (1), f* (x) <0. Therefore, f isdecreasing ontheinterva (1, 3]. Thenforx >3, f
“(X) >0 aganby (1). Thus f isincreasng ontheinterva [3, ¥).

() From (2), forx >4, f**(x) <0. Thusthegraph of f isconcave downward on theinterva (4,
¥). Alsofrom(2) forx<4andx?® 1, f*‘(x) >0and sothegraph of f isconcave upward on
the interva (- ¥, 1) and on theinterva (1, 4).

(d) From part (b), f(3) = - 54 isardaive minimum and there is no reative maximum.

(e) From(*), weseethat forx <1, f(x)>-1. From part (d), f (3) =- 5/4 isthe absolute
minmumaf fon (1, ¥). Thus- 54 isthe absolute minimum vaue of f. And thereis no absolute
maximum for f.

(f) By part (c), since f iscontinuous a x =4 and that the graph of f hasachangein concavity

before and after x = 4, (4, f (4)) = (4, - 11/9) isapoaint of inflection.

(9) Note that the limit, Xﬂnw f (X) :Xﬂgnw -1- 17 x- 12 =-1 Therefore theliney=-1is
ahorizonta asymptote. Note aso that Xﬂr?_ f(x) :Xﬂr?_ 1(X+X—1))§2

Jim (x—11)2 =+oand lim 1+x- x? =1> 0 Smilaly

, _ e 1+ X- X2
x|—|>r?+f (X) _xﬂr?" (X - 1)2

= +ognce

=+o0 Hencethelinex = lisaverticad asymptote.

" The graph ef ¥ = [l+x-=*2)/[=-1)"*2

178
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