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INSTRUCTIONSTO CANDIDATES

1. Thisexamination paper conastsof TWO sections: Section A and Section B. It contains atotal
of SI X questions and comprises FOUR printed pages.

2. Answer ALL quedionsin Section A The marks for questions in Section A are not

necessarily the same; marks for eech question are indicated a the beginning of the question.

3. Answer not more than TWO questions from Section B. Each question in Section B carries 20

marks.

4. Candidates may use caculators. However, they should lay out systematically the various stepsin
the cdculations.
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SECTION A

Answer ALL questionsin this section.
Question 1 [20 marks]

Let thefunction f :R - R bedefined by

I X3 +1, Xx<-1
i XCOS(l) -1<x<landx+0
foox-1L 0 x>1
i 0, x=0
(@ Findthe range of the function f .
(b) Deermineif f issurjective.

(c) Deerminedl xin R a which the function f iscontinuous. Justify
your answey.

(d) Is f differentiableat x =1? Justify your answer.
(© Evduae [ f(dx

Question 2 [20 marks]
Evauate, if it exists, each of the following limits.

9x3 +cos(x?) + 1
@ M, = ec+4

_ sin?(5x)
(b) lx'm) 1- cos(3X)

. sin(sin(x?) +x°)
(©) !Jm) X2 +x3

(d) lim O+iX -3

X271 X- 27

. X(5+sin(X
(& Jim %
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Question 3 [20 marks]

1
j (X2 +4x+5)(x2 +4x +6) dx

(b) Compute | _11 J6+Ixl dx.
(c) Find an antiderivative of g(x), which is defined by

(@ Evduate

1ox+Lx>1
9(x) = % Zsin(”—zx),x< 1 -
(d) Evauae | sec?(cot(x)) csc?(x)dx
(€ Evauate | x?sin(7x)dx.

SECTION B
Answer not more than TWO questions from this section. Each question in this

section carries 20 marks.

Question 4 [20 marks]

(@ Findthe criticd points of the function g, defined by

] X2-2x-7,0<x<4
g(x)" 2x3 - 332 +180X- 319.4<x<7

in the open interva (0, 7). Determine the absolute maximum and the

absolute minimum values of the function in the interval [0, 7].
(b) Differentiate the following functions,

i) h()=(@2+sin2eR)Ge) .

Y t
(ii) J(X)—fsm(xZ) 1+t2+sin(t)dt

(i) k(xX) =cos (sz(x)]

(c) Suppose f isa continuous function defined on the closed and bounded
interval [2, 5] such that for dl xin[2, 5],
2E£F(X) £5.
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Prove that there exists apoint cin[2, 5] such that f (c) = c.

Question 5 [20 marks]

(@ Stateclearly the Fundamental Theorem of Calculus.

Below is the formulafor integration by parts.

fz f (X)G(X)dx = [F(x)G(x)]?1 - j: F(x)g(x)dx.
Here the functions f and g are assumed to be continuous. F isan
antiderivative or an indefiniteintegrd of f and G isan antiderivative or an

indefinite integral of g.
Prove this formula using the Fundamental Theorem of Calculus and show
or explain how the continuity condition on f and g may be replaced by
just integrability.
(b) Letthefunction k be defined on R by
k9= [ St
(i) Without integrating, show that the function k isinjective.
(i) Determine ( k 1)'(0).
(c) Suppose that the function g defined on R satisfies
1. gx+vy =g(X)+g(y) - Sxyfordl xandyinR,
g(h)

2. Ilm— =7.

Determine g(0). Provethat g isdifferentiable at x for al xin R and
determine g’ (X).

Question 6 [20 marks]

Let the function f be defined on R by
f (X) = 6x° - 15x* +10x3 - 180x? + 1000
(@ Findtheintervalsonwhich f is (i) increasing, and (ii) decreasing.
(b) Find the intervals on which the graph of f is (i) concave upward, and
(i) concave downward.

(¢) Findthereative extremaof f,if any.
(d) Find the points of inflection of the graph of f.
(e) sketchthegraphof f.

END OF PAPER
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Answer To MA1102 Cdculus
Question 1
I X3+1, Xx<-1
i xcos(L) -1<x<landx=0
Thefunction f isdefinedbyf (x) =i 2%/ =0
'JI.' x2- 1, x>1
i 0, x=0

@

()
©

(d)

Forx<-1, f(x)=x3+1<0Q Also,for x<-1x3+1<0ex<-1

Thus f maps (- «,- 1) onto (- «o, 0) . (Becausefor any y < 0, we can take

X = m(<-l)sotha¢ f(x)=y.) Nowforx>1, f(x)=x2-1>0. Alsoforany y>0,
wecantakex = /y+1 >1suchthat f(x)=y. Therefore, f maps(1, ¥) onto (O, ¥).
Sincef (0) =0, therange of f contains f ((- ¥, - 1))E {f (O}E f (1.¥)) =R and0is
equa to R.

By part (&) Range( f ) =R = codomain of f. Therefore, f issurjective.

Whenx <-1, f(x) =x3+ 1 isapolynomid function and so f iscontinuouson (- oo, - 1),
snce any polynomid function is continuous on R and o is continuous on any open interva.
When-1<x<0, f(x)= xcos(%) and since cosine is a continuous function and the
function %isacontinuousfundion onx >0, f on (-1, 0) being the composite of these
two continuous functionsis therefore continuous on (- 1, 0). Similarly, f iscontinuous on
theinterval (0, 1). f iscontinuouson (1, ¥) sincef (x) =x2- 1, apolynomid function.
Thuswe can concludethat f iscontinuous at x forx* -1,0,1. Thusitremansto
checkif f iscontinuousatx = - 1,00r 1.

Congder the left limitat x = - 1,
XQli_rrly f () :Xﬂ_nl} x3+1=0andtherightlimtax=-1

i =i i Y _
Jm £ (x) = lim, xco 2x) =- cos(- 2) =0
Thus, since Jm f(x)=0, and f (-1) =0it followsthat f iscontinuousat x =-1. Now
condder theleftlimitof f at x =1,

XIlrlry f () —Xllrln xcos( 2x) = Qandtherignt limitat x = 1,

Jim, £ (x) = lim x2-1=0= f (1)
Therefore, lim £ (x) = f(1) andso f iscontinuousat x = 1.

. _r A ; T
Now lim f (x) =im xcos( ZX) = 0 by the Squeeze Theorem since - [x| < xcos( 2xj < x|
forx! Oand lim x| = 0. Sincef (0) = 0, we conclude that f isaso continuousat x = 0.

X—

Thereforef is continuous at X for any x inR.

To check the differentiability of f at x = 1 congder the following limits

CH)-f(D) . x2-1-0_ ¢ _
L L O L
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COS(ZX) Xs'r( )( 2x2/ z

13- Q) xcof 2 )- 0 - in _
= =2

x|—|>ni] Xx-1 _x—m- X-1

by L Hopltd sRule

Therefore, f isnot differentiableat x =1 9nce lim - 1) + lim M
X 1- T ox-1 xS Xx-1

(e f isRiemannintegrable on[-1,1] sncetheredrictionof f iscontinuous on[- 1, 1]. Note
that f isanodd functionon[- 1, 1],i.e. f(-x)=- f(x) fordl xin[-1, 1] becausef (
- X) = - xcos(p/(- 2x)) = - xcos(p/(2x)) =- f(x) forx* Oand for x =0, obvioudy f (-
0)=f0)=0=-0=- f(O)
0 0 du
j f(x)d k=] - f(x)OI dx where u= -xsothat g =-1
f f (-u)du by the Change of Varigble formula,
—j f(u)du snce f isan odd function,
§ f(u)du § f(x)dx by renammg the variable.
Therefore, § f (x)dx = § f(x)dx+§ f (x)dx = - j f(x)dx+§ f (x)dx =0

Question 2
im ox3 +cos(x?)+1 _ i 9+ 5 cos(x?) +55 _ 9
@M. Tz eava M T 908 29
. . cos(x?) .
Thisisbecause _lim_ 3 0 by the Squeeze Theorem since
2
v |_COS(X) <| 3|forx<0 and lim_ | |=0.
sin?(5x) i 28n(5x) cos(5x)5 . 53n(10x) A
®) M T cos@) =M~ 3sn@x) M 3sn@x) YL Hopita'sRue
_ S0cos(5x) _ 50
—)!er(l) 9cos3x) - CoS(3X) by L' Hopitd's Rule.
i sn(sin(x?) +x3) —i sn(sin(x?) +x3) sin(x?) +x3 1
(c) im X2 +x3 x>0 Sn(x?) +x3 X2 1+X
- sin(sin(x®) +x%) sin(x?) 1 _
>!er(') sin(x2) +x3 ( X2 ) 71+ X =1

sn(sin(x?) +x3) _ i cos(sin(x?) + x3)(2x cos(x?) + 3x
X2 +x3 o 2X + 3x2

2
Or )!er(l) ) by L' Hopita's Rule

cog(sin(x?) +x3)(2cos(x?) + 3x) _

=lim
X- 0

2+ 3x
Jotyx - 16+ 7x)24x3
@ iy W = lin, 26+ 9% 1) 3% Yy L' Hopit's Rue
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=16+ ¥27)2%@2n* 162

5, sn(®
<+
(e Jim Xﬁ;—firgx» =Jim X1+—ix = 9 = 0 since by the Squeeze Theorem
. X2,
. sin(x sin(x
Jim r)lg)—Obecause 1l r)]g)s%forx>0andxl| % 0
OR ence- 6—= TES X(sz inéx)) 6 = 5forx>0 Thus by the Squeeze Theorem
jim x5+ > 0since Jim —X— =jim —2X__ =g
LT X X2 +5 B T+5X2
Question 3

1 _ 1
@ j(x2 +4x + 5)(x2 +4x+6)dx‘j ((x+2)2+1)((x+2)2+2)CIX
R e R L
(x+2)2+1) (Ex+2)2+2)
— tan o1 X+2
=tani(x +2) 75 %

(b) j J6+[x] dx = f,/6+|x dx+j J6+x dx
—j JEH-—xdx+j J6- x dx.

tan 1

= [2(6+X)¥2]3 +[- 2(6- X)32]% =4 x (7./7 - sf)-ﬁ-sm

T x4+1,x>1
(© g(x)" 28n(%),x<1 -

Firgt notethat g is continuous on theinterva (1, ¥) sinceit 9 a polynomia function there and
polynomid functions are continuous. Note also that g is continuous on (-¥, 1) since Zsm( ) IS

a continuous function because the sine function is continuous. Now the right limit a x = 1|s
Jim_g(x) = lim x* +1=2=g(l)and theleft limitat x = 1

I|m g(x)—llm Zsm( ) an(—) 2. Therefore, ||m g(x) = g(1). Thusgiscontinuous at

x 1 Therefore gis contl nuouson R and we can use the Fundamentd Theorem of Calculusto
obtain an antiderivative G(x) given by the following Riemann integrd for each X in R.

_| fromdx>1 1 [Tt + Dt x> 1
G(x) = fl g(t)dt = jl g(t)dt,x <1 _+ f);ZSin(%t)dt,x<1
[L t5+t)]x,x>l 1 %X5+X-§X>l

|

;[ cos(”t)] x<1



PAGE 8 MA1102R

(d) j sec?(cot(x)) csc?(x)dx = - j sec%cot(x))% dx , where u = cot(x)

=- j sec?(u)du = - tan(u) + C = - tan(cot(x)) + C by subgtitution or change of variable.
(e Evduae f X2 sin(7x)dx.

| x2 sin(7x)dx = - xz% cos(7x) + | ZX% cos(7x)dx by integration by parts
= - X cos(7x) + 2 sin(7x) - | -2 sn(7x)clx by integration by parts
7 49 49

2
=- X cos(7x) + % Sin(7x) + % cos(7x) + C .

Question 4.

x%-2x- 7,0<x<4

x3 - 33x% +180x - 319,4<x<7
o] 2x- 2,0<x<4

Thus 900 =1 ge2_ 6ox+180,4<x<7 "
Hence g has one gationary point in (0, 4), namely x = 1. Since 6x? - 66x +180 = 6(x? - 11X
+30) =6(x- 5)(x- 6)=0if and only if x =5 or 6, there are two sationary pointsof g in (4,
7),namely x =5,x=6. Now lim, g(x) =lim 2x® - 33x? + 180x - 319 = F g(4) and
Jim g(x) =lim x? - 2x- 7= 1and 0 lim g(x) = g(4) and gis continuousa x = 4. Now
observethat both x2 - 2x- 7 and 2x° - 33x2 + 180x - 319 aredifferentiable at x = 4 but
Jim_g'(x) =lim 2x - 2= gandisnot equdl to lim, g(x) =Jim 6x* - 66x + 180 = 12. We can
conclude that g is not differentidble at x = 4. Hence the critica pointsof gin (0, 7) are
{1,45,6}. Sincegiscontinuousat X =4, gis continuous on the closed and bounded interva
[0, 7] and s0 by the Extreme Vaue Theorem g has absolute extrema on the intervd [0, 2] and
they are given repectively by the maximum and minimum of the values of the critica points
and the end pointsunder g. Now g(0) =-7,9(1) =-8,9(4) =1,9(5) =6,9(6) =5,9(7) =
10. Therfore, the absolute maximum of g on [0, 7] is 10 and the absolute minimum of g on [0,
7] is- 8.

@ Redl  gW=],
|

B O hex)=E+sree)G,
Taking logarithm on both sideswe get In(h(x)) = 5 In(2 + sin?(x?)) .
Differentiating both sdes we get,

) _

h(x) = -2 2 + sP(x?)) + = 2sin(x?) cos(x?)2x
X X

X2 24+8nP(x?)
1 2xsin(2x?)
X2 2 +5n?(x2)

- In(2 + sin?(x2))

=-Z In2 +s?()) +

_ 2 [, x*sn@2x?)
- X3 2+8n?(x2)

Therefore,
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o) = 2|, XESnx%) 22 2 (x2)) ()
W00 =335 7 gnipe) - M2+ SITOC) |2+ sin® (2
.. N - t
(ll) J(X) - jgn(XZ) mdt
] B e5x t sin(x2) t
Therefore, j(x)—fO mdt' jo mdt

Hence by the Fundamenta Theorem of Caculus and the Chain Rule,
o e5X5@5x sin(x2)2x cog(x?)
FO)= T+ a0+ Ses) T+ s (x2) + sin(sn(x?))

__ 5el x sin2x?)
T 1+elx+3ane™) T 1 +dn?(x2) +sin(sin(x2))
(i) k() = cos 1(s|n2(x)]_ Thus by the Chain Rule
1 cos(x) _ cos(x) cos(X)

Ji-seed 2 [a-sme(x)  J3+co(X)

(0 Letg(x)= f(x)- x. Since f iscontinuouson [2, 5], gisacontinuousfunctionon [2, 5].
Now since2 £f (X) £5fordl xin[2,5], g2 =f(2)- 23 0andg(5) =f(5)- 5£0.
Therefore, by the Intermediate Vaue Theorem, there existisapoint cin [2, 5] such that g(c) = 0,
i.e, f(c)=c.

K'(X) = -

Question 5.

(& Fundamental Theorem of Calculus. Suppose f :[a, b] ® R isacontunuus function.
Then (i) thefunction F :[a, b] ® R definedby F(x) = f:f (t)dt isdifferentisble on [a, b]
sidying F’(x) = (x) for every x in[a, b] and (ii) for any antiderivative G of f the Riemann
integrad [ f (t)clt = G(b) - G(a).

Proof of the formulafor integration by parts.

Suppose f and g are continuous function with antiderivative F and G respectively. Then
snceF and G are differentiable, they are continuous functions. By the Product Rule

(F- G)(X)=F(X)G(x) isdifferentiable and is of course the antiderivative of its derivative

(F- G) (X)= F'(X)G(x) + F(X)G’ (x) = f (X)G(x)+ F(x)g(x) which is continuous sincef , g,
F and G aredl continuous functions and that product of continuous functions is contunuous.

Thus by the Fundamenta Theorem of Caculus, since (F- G)’ (x) is continuous
j ab (F-G)' (x)dx = (F-G)(b)- (F- G)(a)=F(b)G(b)- F(a)G(a)= [F(b)G(b)]g

But the left hand Sdeisdso equd to jz f (X)G(X)dx + j Z F(X)g(x)dx.  Therefore, from
Mweget [o fRGEX + |- FX)g)dx = [FX)G(X)]and so it follows thet

J 2 f ()GX)dx = [FK)GX)IS - | ;’ F(x)g(x)dXx.
. -10 -
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The criticd part of the proof is(1). If (F- G)’(x) is Riemann integrable, then (1) ill holds.

Now by the Product Rule, (F- G)' (X)= F’' (X)G(x) + F(X)G’(x) = f (X)G(X)+ F(X)g(x). For
thisto be Riemann integrable just note that product of two (Riemann) integrable functionsis
(Riemann) integrable. Thereforeif f isRiemann integrable, then because G is continuous
being differentiable and s0 is Riemann integrable the product f (X)G(X) is Riemann integrable.
Similarly, we deduce that if g is Riemann integrable, then F(x)g(x) is Riemann integrable.
Therefore, (F- G)' (X)= f (X)G(X)+ F(X)g(x) being the sum of two Riemann integrable
functionsis Riemann integrable.  Therefore, if f and g are both Riemann integrable functions,
then (1) holds and as above we obtain the integration by parts formula
5
(b) Now k()= - J}etz dt.
(i) Thusby the Fundamenta Theorem of Caculus and the Chain Rule,

4
k'(x) = ﬁ Note that k is continuous since it is differentiable on R. Also for

x1 0, k'(X) >0. Therefore, kis (drictly)increesng on (-¥, 0] anddsoon [0,
¥). Thismeansk is(drictly) increesng on R. Therefore, k isinjective.

(ii) Notethat k(1) =0 and sok*(0) =1 Thussince k'(1) = 75 0.
1V (A — 1 __1 _1+e
kYO =grEy =@ = 5
() Notethat g satisfiesthe following.
1. gx+y)=g(x) +gly) - Sxyfordl xandyinR,

2. Iim@ =7
h-0 h

Thus, for any fixedx inR andfor h* 0,
gx+h)- g(x) _ 9(x) +g(h)- 5xh- g(x) _ g(h)- 5xh _ g(h)
h

- 5x by property 1,

h h h
Therefore,
. gx+h)- gx) _. g(h _
r!m h —r!m hoC 5x = 7- 5x by Property 2

Hence g isdifferentiable at x for dl x andthat g'(x) =7 - 5x.

Question 6

5. f(x)=6x°- 15x* +10x3 - 180x? + 1000. Notethat sincce f isapolynomid function, f is
continuous and differentiable on R.

f'(x) = 30x* - 60x3 +30x? - 360x = 30x(X> - 2% +x- 12)
Now we know that the cubic g(x) = x®-2x?+x - 12=0hasared root. Wecantry to
use the Intermediate Vaue Theorem to locate the root. (Of Coursewe canuse Cardano's
formulafor the cubic but we can do thisfirs.) We compute somevaueof g. g(1) =1- 2
+1-12=-12<0, g(2) =8- 8+2-12=-10<0and g(3) =27- 18+3-12=0.
Therefore, (x - 3) isafactor of x®-2x2+x - 12. Perform along divison to obtain x3

.-11 -
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=22+ x- 12=(x- 3)(x2+x+4). Thereofore,
f'(x) = 30x(x3 - 2x2 + x- 12) = 30x(X - 3)(x2 + X + 4)
= 30x(X - 3)((X+2)2- % +4) =30x(X- (X +%)2+ L) —-----ommme- (1)
f"(x) = 120x3 - 180x? + 60x - 360 = 60(2x°> - 3x2 +X - 6)
So f " isgiven by acubic polynomia function. Again we know it must have ared root. So
we shdl try to locate the root by the use of the Intermediate Vaue Theorem.  Consder the
function k(x) = 2x3 - 3x? +x- 6 First compute some vaues of k to narrow down the
range of theroot. k (0) =-6<0,k (2) =0. Thusfactoring out (x - 2), we have
k() = (x- 2)(2x%+x+3) = (x- 2)(2x +7)?- 3 +3)and 0
f"(x) = 60k(x) = 60(x - 2)(2(x +5)? + %)) ----------------------- (2)
From (1), f' (x)=0if andonly if x =0and x = 3. Notethat x? +x +4 > 0and so from (1)
wehave x<0= f'(x)>0sothat f isincreasing or(- oo, 0] ;
0<x<3= f'(x)<0sothat f isdecreasingon[0,3] andx>3= f'(x)>0
sothat f isincreesngon [3,).

From(2), f"(x) =0 x=2 Now x<2=f"(x) <O Therefore, thegraph of f isconcave
downward on theintervd (- o0, 2). Likewisefrom (2), x >2 = x - 2>0s0 that
f"(x) > 0whenx>2. Thusthegraphof f isconcave upward on (2, ).

From part a, by the first derivative test, f (0) = 1000 isardaivemaximumand f(3) =- 107
Isareative minimum.

From part b, since there is a change of concavity before and after x = 0, the point
(2, f (2)) = (2, 312) isapoint of inflection of the grgph of f .
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