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INSTRUCTIONS TO CANDIDATES

1. This examination paper consists of TWO sections: Section A and Section B. It contains a

total of SIX questions and comprises FOUR printed pages.

2. Answer ALL questions in Section A. The marks for questions in Section A are not
necessarily the same; marks for each question are indicated at the beginning of the

question.

3. Answer not more than TWO questions from Section B. Each question in Section B carries
20 marks.

4. Candidates may use calculators. However, they should lay out systematically the various

steps in the calculations.
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SECTION A
Answer ALL questions in this section.
Question 1 [20 marks]
Let the function f : R — R be defined by

x2—-1, x<0

S‘r‘[z(xn— 1)j

x3-3x+2, x>1

f(x)=1 —(x—1) L 0<x<1

(@) Determine all x in R at which the function f is continuous. Justify
your answer.

(b) Find the image of the interval [0, 1] under f, i.e., find f ([0,1]).
(c¢) Find the range of the function f .
(d) Determine if f is surjective.

(e) Determineif f is differentiable at x, when x =0 or 1. Justify your
answer.

Question 2 [20 marks]

Evaluate, if it exists, each of the following limits.

(a)

’ \/x3 +3X +sin(x) + 1
L R e B ]

sin(x? + sin(x? + 3x))
(b) Iang X2 + 3X

(c) lim xZ sin(In(x)).
(d) lim (&% + TX) 1),

(e) lim (sin(x*)) /e,
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Question 3 [20 marks]

j 6 — 5x2 — 2x
(X2 42X+ 2)(X2 —2X +2)

(b) Compute f: X+ 2Ix| dx.

(c) Find an antiderivative of g(x), which is defined by

() = X2 +x+7, x<1
9= 3e* D —6cos(nx), x>1 °

(@) Evaluate dx.

(d) Evaluate jezxsin(Sx)dx.
(€) Evaluate | sin*(5x)cos?(5x)dx.

SECTION B
Answer not more than TWO questions from this section. Each question in this

section carries 20 marks.

Question 4 [20 marks]

(@ (i) State the Extreme Value Theorem.

(i) Find the critical points of the function g, defined by

3 2
g0 =% - -+ 4x+3

in the open interval (0, 5). Determine the absolute maximum and the
absolute minimum values of the function in the interval [0, 5].

Hence, or otherwise, prove that there exists a point c in [0, 5] such that
g(c) =c.

(b) Differentiate each of the following functions.
(i) h() = (L+esn@D)@®  x e (0, 7).

cer . In(1+x2) t
(i) )= fxz 1+12 + cos(t2) dt.

(iii) koo =cos (5 -
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Question 5 [20 marks]
(a) Differentiate the function k defmed on R by
k(x) = j (1+ 1+ sm(nt) + et yt.

(i) Without integrating, show that the function k is injective.
(ii) Determine ( k™)'(0).

(b) Suppose f is a continuous function on [a, b] and g is a Riemann integrable
function on [a, b]. If g(x) >0 for any x in [a, b], then show that there
exists a point ¢ in [a, b] such that

f: f (x)g(x)dx = f(c) fz g(x)dx .

(c) Find the following limit.

Question 6 [20 marks]

Let the function f be defined on R by
f(x)={ X>—5x?+7, x>0
X>+7,x<0
(@) Find the intervals on which f is (i) increasing, and (ii) decreasing.

(b) Find the intervals on which the graph of f is (i) concave upward, and
(i) concave downward.

(c) Find the relative extrema of f, if any.
(d) Find the points of inflection of the graph of f.
(e) Sketch the graph of f.

END OF PAPER



The function f is defined by f (x)=14 —(x—1)2

(a)

(b)

(€
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Answer To MA1102 Calculus
Question 1

x2-1, x<0

s 251

x2—3x+2, x>1

, 0<x<«1

For x<0, f(X)=x?-1 is a polynomial function. Therefore, f is continuous on the
interval (- o, 0) since any polynomial function is continuous on R and hence on any
interval. Similarly for x >1, f (x) = x* — 3x + 2 is a polynomial function there and so is
continuous on (1, ).

For0<x <1, f(X)=-(x-1)?

. 7T . - .
Sm[Z(X—l)j‘ and so f is continuous on (0, 1) since

‘sin( 2(xn— 1)] is continuous on R —{0} and —(x—1)? is continuous on R so that the product

of these two functions is continuous on R — {0} and so on (0, 1). Thus it remains to check
the continuity of fat0and 1. Note that f (0) =-1and f (1) =0.

Now we determine the left limitatx = 0. Itis lim f(x)=lim x2-1=-1

sin[z(xn_ 1)j‘ = —1‘sin(—%)‘ =-1

Hence, IXirQ f (x) =-1, and since f (0) = -1 it follows that f is continuous at x = 0.
Now consider the left limit of f at x =1,

The right limitatx = 01is lim f(x)=lim —(x—1)?

. T _ _ 2| : 7T _
)!Lrlrl f(x) _Xllrlr]_ x-1) ‘Sm[Z(x—l)j‘ = 0 by the Squeeze Theorem because for x = 1

(X=1D2 < —(x—=1)2|si Tl im (v —1)2 —
x-1)°<-(x-1) ‘Sm(Z(X—l) <0and )!Lrp (x-1)-=0.
Now lim f(x)=lim x3—3x+2=0and so lim f(x) = 0.
Therefore, IX'I? f(x)= 0=f(1)andso f is continuous at x = 1.
Therefore f is continuous at x for any x in R.

To determine the image f ([0, 1]), first note that f (0) = -1 and f (1) = 0.
Now observe that for 0 < x <1, -1 < (x -1) <0sothat -1 < —(x -1)?<0.

Therefore, for 0 < x <1, -1<—(x-1)2<—(X— 1)2‘sin[2(xn_ 1)J‘ =f(x)<0. Hence for

all x in [0, 1], -1 <f(x) <0. That means f ([0, 1]) < [-1, 0]. Since f is continuous on
[0, 1] by part (a) and because f (0) = -1 and f (1) = 0, by the Intermediate VValue Theorem,
[-1, 0] < f ([0, 1]). Therefore, f ([0, 1]) =[-1, O].

For x <0, x*—1> -1 and so the image f ((—o0, 0))< (-1, ©). Now forany y>-1, x*~1=
y implies that x> = 1+ y and so we have a solution x=— /1+y <0 to x>~1=y in (-0, 0).
Therefore, (-1, ©) < f ((—, 0)) . That means f ((—oo, 0))= (-1, ).

Next for x > 1, f(x) =x®—3x + 2sothatf ‘ (x) =3x*-3 > 0 for x > 1. Therefore, f is
strictly increasing on [1, «) and so f (x) > f (1) =0 for x > 1. Also note that

lim f (x) = +oo since lim x® - 3x +2 =lim x3(1 - x% + x%’) = +oo because lim x® = +o0 and
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lim (1- % + %) =1>0. Hence, since f is continuous on [1, =), by the Intermediate
Value Theorem f ([1, «)) = [0, o). Therefore, the range of f is

f(R) = f((—o0, 0))Uf ([0, 1])u f ([1, ©)) = (-1, c0)U[-1, 0]U[O, o0))=[-1, o0
(d) By part (c) Range( ) # R = codomain of f. Therefore, f is not surjective.

(e) To check the d|fferent|ab|I|ty of f at x =0 consider the following limits.

lim (X) f(o)_l ﬂzlimx:o
X—-0- O XﬂO* X%O
1) [ j 1
i f(x) (© . —(x—1)%sin 26-1) *
X -0t 0 _xAO+

(x—1)?sin +1
— lim (Z(X 1)J

il ) _ i — & . _
5'”(2()(_ 1)j‘ = S'”[Z(x = 1)) for 0 <x<%. We derive this by
observing that 0 < x <% implies that -1 < x-1< —1/2 so that

This is because

1 T yi4 : i
-1>~5=7>-2andhence —5 > 2x-1) > " and so S|n(2(x_1)j<0.
(x—1)2sin| 52—~ | +1
Therefore, IimM_lm f(x L
X -0+ x—0 X - 0+
inl —Z% | _(x—1)2 n . T

i 20 Dsin g5 ) -0 1o 5 5 [ 2(x—1)2J
T X-0* 1

by L’ Hopital’s Rule.
=20-sin(-%) =2,

Thus, f isnot differentiable at x = 0 since lim f(XQ:B(O) * lim f(x) f(o).
. feo-f@@ . - 2
x|l1+ ()2 1( ) X'L”f % XI|m (-3x2-3)=0 bylL’ Hopltal s Rule.
1)“|sin
f-f@ . - ‘ 2(x—1)j o ‘[ . j‘_
Jm ot slm x—1 =Nim =—(=Dysin{ 551y )| =0

by the Squeeze Theorem
<—(x-1) forx<1 and )!irlr] —-(x-1)=0.

since 0 <—(x— 1)‘ Sin(ﬁj

fO-f@ _ . f0-f@®)

Therefore, f is differentiable at x =1 since lim
X—1- x—1 x—>1+ Xx—1
and f*(1)=0,.

Question 2

lim \/x3+3x+sin(x)+1_“m 1+ 55 +55(Sin(x) + 1) _ [1¥0+0 1
X + o0 A3 +T7Xx+1 x>+ 4+x_72+x% “AV4+0+0 T 27




PAGE 7 MA1102R

1 _im Lo -
This is because lim 5 =lim <5 =0and lim,

sm(x) +1
X3

M =0 by the Squeeze Theorem

<|5| forx>0 and Jim, || =

since —|ﬁ| < 3 |=0.

(b)

sin(x? + sin(x? + 3x)) i sin(x? +sin(x? +3x))  x2 +sin(x? + 3x)
X 0 X2 + 3 S8 T (X2 +sin(x2 + 3x)) X2 + 3X

sin(x? +sin(x? + 3x)) [ X2 sin(x? + 3x)
SO0 T (2 +Sin(x2+3x))  (X243X T X2+3X

i sin(x? +sin(x? + 3x)) .. [ X sin(x2+3x)J
SO0 T2 rsin(x2+3x)) a8 x+3 " x2+3x

=1-(0+1)=1

sin(x? + sin(x? + 3x)) sin(x? + 3x)

because  Jim =Gz sinpz 13y~ A M e L
oOrR  Iim sin(x? +sin(x? + 3x)) _iim coS(X? + sin(x? + 3x)) - (2x + cos(x? + 3X)(2x + 3))
X~ 0 X2 + 3X x- 0 2X+3
by L' Hopital's Rule
_ co0s(0) - (0 +cos(0) - 3) _1

3
(©) xIir(p+ x2sin(In(x)) =0 by the Squeeze Theorem since
—x2 <x?sin(In(x)) <x? for x>0 and lim x> =0.

(d) lim &+ 7). Let y=(e*+Tx)™.
*+7
eeX:7x

e*X+7  1+7

: : _lim L [n(ex _Ii _
Since lim In(y) =lim x In(e*+7x) =lim == =lim o7y =150 =8
by L' Hopital's Rule,
Therefore, limy = ey =
(e) Let y= (sm(x“))(l’ N6, Then In(y)_ ,nﬁx) In(sin(x*)).
Now,
InGsin( 4)) 4x3 cos(x*)
. T n(sin(x T sin(x4) VT
)!Lr(p In(y)_llr(p In(x _)Lr(p+ 1 by L' Hopital's Rule,
4
4XILrg1 sm(x4) cos(x*) =4-1-cos(0) =4 since I|m sm(x4) =1
OR by L' Hopital's Rule,
. 4x3cos(x*) — 4x7 sin(x*) . cos(x*) —x*sin(x*)
=4lim 4x3 cos(x4) =4 lim cos(x3) =4

Therefore, limy = e g —
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Question 3
2
6 — 5x° — 2x 2X+2 —2x+1 g4

@ | (X2 1 2% + 2)(X2 —2x+2)°"‘:j (x2+2x+2)°"‘+j (X2 — 2% +2)
by a partial fraction expansion determined as follows.

Writing,
6 —5x% — 2x Ax+B Cx+D

(X2+2X+2)(X2 —2Xx+2) X2+2x+2 X2 —2x+2
then (AX + B)(X? — 2X +2) + (CX + D)(X? + 2x + 2) = 6 — 5x? — 2x.

Comparing coefficientof x*: A+ C=0  -----mmmrmmmmmmmmee - 1)
Comparing constantterms: 2B +2D =6,i.e. B+D =3 ---------m-m-m-- (2)
Comparing coefficient of x> : —2A+B + 2C+D = -5.

Since B+D =3 by (2) we get —2A +2C=-5-3=-8, i.e,,

A C T (3)
Comparing coefficients of x: 2A-2B +2C+2D = -2.
Since A+ C=0 we get fromabove — B+ D =-1---------------- (4)

Equation (1) + Equation (3) gives 2C=—-4andso C=-2and A=-C=2.
Equation (2) + Equation (4) gives 2D=2andsoD=1andB=3-D =2

2X+ 2 _ 2
Now | (X2+2x+2)dx_ln|x +2x+2/+C

—2x+1 _(_=(2x=2) 1
And | (x2—2x+2)dx_j (x2—2x+2)dx_j (x2—2x+2)dx

=—In[x2-2x+2| - | mdx =—In[x* - 2x+ 2| -tan"'(x - 1)+ C'
Therefore,

f 6 — 5x2 — 2x
(X2 +2X+2)(X2 —2x + 2)

dx = In[x? + 2x + 2| — In[x? — 2x + 2| —tan~}(x — 1) + C"

2
_ In‘ XAXEZtanl(x—1)+C"

(b) fil Jx+2Ix dX=f?1 JX—2x dx+§; JX+2x dx = ﬁl J—_xdx+j(1) J3x dx
=—J, JTdu+ [ /3 K= (3 +1) [, K= (3 + D13 = 2(/3 +1)

© g(x):{ X3 +x+7, x<1 _

3e™* D —6cos(nx), x>1
First note that g is continuous on the interval (-oo , 1) since it is a polynomial function there
and polynomial functions are continuous. Note also that g is continuous on (1, «) since
cos(nx) is a continuous function because the cosine function is continuous and that e** is
continuous on (1, «0). Now the left limitat x = 1 is xler g(x) :XIlrp x3+x+7=9and the
right limitat x = 1, Xllrp a(x) :xllnf 3e* ! —6cos(nx) =3 —6¢0s(m) =9 =g(1). Therefore,
)I(im g(x) =g(1). Thus g is continuous at x =1. Therefore, g is continuous on R and we can

use the Fundamental Theorem of Calculus to obtain an antiderivative G(x) given by the
following Riemann integral for each x in R.
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G = [* gty [Lodtx<1 fle@+t+7dx <1

X) = = X = X

02,90 J,odtx>1 J (36D — 6 cos(nty)dt, x > 1
{ [%t4+%t2+7t)]i,x<l { %X4+%X2+7X—7%,x<1

3e®D) — % sin(nt)] x>1 e b — % sin(zx) —3,x> 1

X
1
Thus, any antiderivative is given by G(x) +C for any constant C.

(d) | e>sin(5x)dx = e2sin(5x) -+ | e2*- 5cos(5x)dx by integration by parts
= 2e2sin(5x) — 3[3€* cos(5x) — | $e?(-5sin(5x))dx] by integration by parts
= 2e2(sin(5x) — 3 cos(5x)) — 2 | e sin(5x))dx.

2X o} 4 1 . 2%X(c; 5
Therefore, f e sin(5x)dx = 35 7e°*(sin(5x) — 5 cos(5x)) +C.
= Ze(sin(5x) — = cos(5x)) + C.
Or = 25e2(2sin(5x) — 5 cos(5x)) + C.

() | sin*(5x) cos3(5x)dx = | % sin*(5x) cos2(5x) - 5 cos(5x)dx
= | 4 sin*(5%)(L - sin?(5x)) - 5cos(5x)dx = £ | u*(1 - uz)g—gdx, where u = sin(5x)

5 7 . B A .
= | %u“(l —ud)du = %(u? - u7) +C= 2—15 sin®(5x) — 3—15 sin’(5x) + C by substitution or

change of variable.

Question 4.

(a) (i) Statement of The Extreme Value Theorem.
Suppose f :[a, b] - R isa continuous function defined on a closed and bounded interval
[a, b]. Then there exists elements ¢ and d in the interval [a, b] such that
f(c)<f(x)<f(d) forall xin[a, b], i.e.f(c) is the absolute ninimum of f and f (d)
is the absolute maximum of f.

3 2
(ii) Recall g0 = % — 25~ +4x+3

Thus, g'(X)=x%2—-5x+4=(x—1)(x—4). Therefore, g’(x) = 0 if and only if x = 1 or 4.
Hence g has two stationary points in (0, 5), namely 1 and 4. Since g is differentiable, the
critical points of g in (0, 5) are 1 and 4. Since g is continuous on the closed and bounded
interval [0, 5] and so by the Extreme Value Theorem g has absolute extrema on the interval
[0, 5] and they are given respectively by the maximum and minimum of the values of the
critical points and the end points under g. Now g(0) = 3, g(1) = 29/6, g(4) =1/3 and g(5)
=13/6. . Therefore, the absolute maximum of g on [0, 5] is 29/6 < 5 and the absolute
minimum of g on [0, 5] is 1/3 > 0. Thus g([0,5])=[1/3, 29/6] < [0,5] and so g maps [0, 5]

...-10-



PAGE 10 MA1102R

into [0, 5]. Hence g has a fixed point in [0, 5]. l.e., there exists a point ¢ in [0. 5] such that
g(c) =c.
Alternatively, let h(x)= g(x) —x . Then h(0) = g(0) = 3 and h(5) = g(5) - 5 = 13/6-5 <0.
Since g is continuous on [0, 5], h is continuous on [0, 5] and so by the Intermediate Value
Theorem, there exists a point ¢ in [0, 5] such that h(c) =0, i.e., g(c) =c.

(B) (D) h(x)=(L+esn@H)  x e (0, 7).
Taking logarithm on both sides we get In(h(x)) = cot(x) In(1 +esin@?),
Differentiating both sides we get,

% = —csc2(x) In(1 + es"@) + cot(x)

4x cos(2x?)esin@x?)
1 + esin(2x?)

Therefore, h'(x) =
4x cos(2x?) cot(x)esin@)

_ CSCZ(X) |n(1 + esin(2x2)) 1+ esin(2x2))cot(x)l

1+ esin(2x2)
L In(1+x2) t
(i) j00 =], 1+t +cos(t?) at ,
i B In(1+x2) t X t
Therefore,  j(x) = fo 1+1t2 + cos(t?) dt - jo 1+12 + cos(t?) dt

Hence by the Fundamental Theorem of Calculus and the Chain Rule,
Lo 2xIn(1+x?) 23
VOO = T In@+x2))2 + cos((N(L + x2)2)(L + x2) ~ T+ x4 + cos(x4)

(iii) k() =cos*(s25). Thus by the Chain Rule

1+x2

k' (X) = COS_l lr 1 . —2X _ 1 X —2X
(9= (eos™) (5) (1+X2)? "~ cos'(cosi(127)) (1+Xx?)?
1 X 1 X
= — o =
Sln(COS‘l( 1_3)(2 )) (1+X )2 Jl_cosZ(Cos—l(Tlxz)) (1+X2)2
_ 1 X 1 L 2X 5 X, 1
1-(25)2) (I+x2)2 = fxaxoxz  (1+x3) " "Il /25%2 (1+x2)
B 2sign(x)
/2 x2 (1+x2)
Question 5.
_(* t2
(@) Recall k(x)=[ (1+ T singa Tet)dt
(i) Therefore, for all x in R,
/ _ X2
K'(x)=1+ T+ sin(zx) + & by the Fundamental Theorem of Calculus
>1> 0,
2
since 1+ sin(nx) + e * > e*> 0 so that X > 0.

1+sin(nx) +ex =
Thus, kis (strictly) increasing on R and hence K is injective.

(ii) Note that (k*l)’(O)zm.

...-11-
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2
k(1) = fll(l + 17 sint(nt) et )dt =0 and so since k is injective k (0) = 1.

1
1+sin(z) +el

1 1 1+e
k'(k-1(0)) ~ k'(1) ~ 2+e"

1  2+e

=+ e = 1Tre

From part (i) k'(1) =1+

Thus, (k™1)'(0) =

(b) Since f is continuous on [a, b], by the Extreme Value Theorem, there exists points a and 3
in [a, b] such that f (o) < f(x) <f(B) forall xin [a, b]. It follows then that for all x in
[a, b],

fa)gx) < fFGR) <F(R)GXK) ---mmmmmmmmmmmmmemmes 1)
because g(x) > 0 for all x in [a, b].

Now f is Riemann integrable on [a, b], because it is continuous on [a, b] and g is given to
be Riemann integrable on [a, b]. Therefore, the product f (x)g(x) is Riemann integrable on
[a, b]. It then follows from (1) that

f(a) f7 g0odx < [, F00g00dx < f(B) [, goxdx

Thus, there exists m such that f (o) <m <f () and f: f (x)g(x)dx =m f: g(x)dx. Since f
is continuous on [a, b], by the Intermediate Value Theorem, there exists a point c in [a, B]
(ifa<p)or[B, a] (if B <a) hencein [a, b], such that f(c) =m. Therefore,

J, fo0geodx =10 |, godx.

=}

- i |7n%+i
© Jim 27"

n .
We seek to write the summation # o 7nn +if as a Riemann sum

2,2
_:1#- /7”n2+' =izn:1f(Xi)AX,

where Xo < X1 < *** < Xp is a regular partition and AX = AX; = Xj — Xi-1.
Therefore, we can take X; = ﬁ so that Ax = % Xo=0and x, =1. Thus by

comparing,
f(x.)AxwrthL2 7n +' :ﬁ/ —

we would want f(x)_n (ﬁ)z XiJ7T+x2. Thus f(X)=xy7+x2.

™M=

...-12-
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Question 6

X°—5x2+7, x>0
Recall f(x):{ 247 x<0

(a) Observe that
lim f(x)=lim x>-5x2+7=7=lim x?>+7 =lim f(x)="f(0).
x-0+ x-0+ x-0- x-0-
Hence, fis continuous at x = 0 and so is continuous on R since it is continuous on (-co, 0)

and on (0, =) because f (x) is equal separately to a polynomial function there.
Now

£1(x) = 5x*—10x, x>0 | 5x(x3—2), x>0
B 2X, X< 0 a 2X, x<0

] BX(x=2W)(x2 +28x +223), x>0 | Bx(x—2M)((x + 321%)? + $228), x>0
B 2X, X< 0 2X, X< 0

........................... (1)

Therefore, for x <0, f* (x) =2x<0and so f is decreasing on the interval (-oo, 0].

From (1), for0<x <2 f*(x)<0andso f isdecreasing on [0, 2*]. Hence f is

decreasing on the interval (-o0, 2¥].  From (1), for x>23 f(x)>0andso f is
increasing on [213, ).

po ) 20x3-10, x>0 ] 2003 -7%), x>0
(b) f (X)_{ 2, x<0 B 2, x<0

_ ) 200¢-5) (X + gt ) x>0 @
2, x<0

Thus, f*’(x) <0 for 0 <x < 1/2"® . Therefore, the graph of f is concave downward on the
interval (0, 1/2'®). Also, for x <0, f“’(x) =2 > 0. Thus, the graph of f is concave

upward on the interval (-0, 0). From (2), for x > 1/2"®, f “*(x) > 0 and so the graph of f
is concave upward on the interval (1/2Y2, ).

(c) By part (a) f(2¥3)=253-5.2287=7-3.2%8 s a relative minimum. This is also the
absolute minimum. There are no relative maximum values for f.

(d) From part (b), there is a change of concavity before and after x = 0 and x = 1/2** .

- 1 1 1 1 .1 9
Now, f (0) =7 and f(21,3): 5573 —522,3 +7=ﬁ(§—5)+7=7— T

Hence, the points of inflection of the graph of f are

9
(0.7) and (515, 7 - 5975

...-13-
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