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INSTRUCTIONS TO CANDIDATES

1. This examination paper consists of TWO (2) sections: Section A and Section
B. It contains a total of NINE (9) questions and comprises FOUR (4) printed

pages.

2. Answer ALL questions in Section A. Each question in Section A carries 10
marks.

3. Answer not more than TWO (2) questions from Section B. Each question in
Section B carries 20 marks.

4. Candidates may use calculators. However, they should lay out systematically
the various steps in the calculations.
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SECTION A

Answer all the questions in this section. Section A carries a total of 60 marks.

Question 1. [10 marks]

Evaluate each of the following limits.

. x+ |z
(a> xlilﬁll 1— x2

(b) lim (1+1+ l)x

Question 2. [10 marks]

Let f(x) = In(In(2sinz)).
(a) Find the largest subset of R such that f is defined.
(b) Find f'(x).

Question 3. [10 marks]
Let C be the curve defined by the equation z? + y? = 5x*.

(a) Find ;Zi

(b) Find an equation of the tangent line to the curve C' at the point (1, 2).

Question 4. [10 marks]

Evaluate each of the following integrals.

us

(a) /5 e* sinx dx
0

(b) /Wd:c

[ For (a), You may leave your answer in terms of e and 7.
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Question 5. [10 marks]

o]
(a) Evaluate the integral / n—;dm
1
(b) Using the Mean Value Theorem, or otherwise, prove that for any =,y > 0,

e —eV[ <z —yl.

Question 6. [10 marks]

d * 1
Find / a4
(a) ind dx sinz 1 + t4 dt

(b) Let f(z) = (1 +z)%. Find the Maclaurin polynomial of f of degree 2 with
remainder.

SECTION B

Answer not more than two questions from this section. Each question in this section
carries 20 marks.

Question 7. [20 marks]
(a) Let f be a function such that
27 < f(x) <2*+1, forall zin (0,2).

Show that f is differentiable at x = 1 and find f’(1).

(b) Let g be the function defined by
2x ifz <1
glx)=1¢ 22+1 ifl<z<2 .
r+3 if2<zx

Find an anti-derivative of g.

LA |
Evaluate li —/i2(n? — 12).
(c) Evaluate nLIgO; n3\/Z (n? —i?)
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Question 8. [20 marks]

2 —4dx

Let f(x) = T

(a) Find, if any, the z- and y- intercepts of f.
(b) Show that f has a critical point at © = %

d

)
)
(c¢) Find the intervals on which f is (i) increasing, and (ii) decreasing.
(d) Find, if any, the local minima and local maxima of f.

)

(e) Find the intervals on which the graph of f is (i) concave upward, and (ii) concave
downward.

(f) Find, if any, the points of inflection of the graph of f.
(g) Find, if any, the vertical and horizontal asymptotes of the graph f.
(h) Sketch the graph of f.

Question 9. [20 marks]

(a) Let g be a continuous even function defined on R.
(i) Prove that
/ zg(cosz)dr = E/ g(cosz)dx.
0 2 Jo

(ii) Using (i), or otherwise, evaluate / x cos' x dx.
0

(b) Let f be a twice differentiable function defined on R satisfying f(0) = 0,
f'(0) =1 and f"(x) > 0 for all x in R. Define

1@ if g £ 0
h(x)_{ 1 ifz=0"

(i) Prove that for any x > 0, there exists a number ¢ in (0, x) such that

iy L0 = 1)

T

(ii) Show that h is increasing on R.

END OF PAPER



Solution

Section A
A I B
1. (a) :cli>H—11 1 —gj‘2 7xli>H—11 1 —;1;‘2 7111>H—110 - O

(b)

1 1\¢ 2 4+z+1\"

In(z?+2z+1)—2Inz

xr—1

Thus Iny = x <1n(x2+x—|— 1) — 21nx) =

lim Iny

; In(z?+z+1) —2lnz
= lim
T—00 -1
’ r+1)(2®*+z+1)"t - 2271
im
— lim (=) (x(2x +1) = 2(2®> + x + 1))
== x(2?2 +x+1)
_ w2
T a0 g2 i;_ :L’2—|— 11
= lim e 1. Hence, lim y =e.
r—oo | 4+ xr—1 + xr—2 T—00

by L’Hopital’s rule,

f(z) = In(In(2sinx)) is defined
<= In(2sinz) >0
< 2sinz >1
< sinz > %
< x € (5+2nm, 2 +2nm) for some integer n.

5
Thus the domain of f is U (g + 2nm, g + 2n7r>.

neL

, 1 1 cotx
(x) = , —2coSy = ———.
In(2sinx) 2sinz In(2sin x)

-

Differentiating both sides of the equation with respect to x, we have
22 + 2yy’ = 202°.

1022 — z

Y

Thus, y' =

At the point (1,2), /(1) = §. Therefore, an equation of the tangent line to the
given curve at (1,2) is given by y—2 = §(x—1), or equivalently, 9z—2y—5 = 0.



Using integration by parts twice, we have

s

2 .
/ 2% sin ¢ dx
0

:[ e? cosx +2/ T cosx dx
:1+2[2zsmx —4/ Tsinxdx

= 1+2€" 4/ Tsinz dzx.

Therefore, /2 e*sinx dr = +5 <.
0

Let y = 26. Then 23 = 42, 22 = 43, and dy = tx ~8dx so that dz = 6y°dy.
Thus,

6
—/6y 6y +6— o dy
= 23 — 3y° +6y 61n(1—|—y)+0
= 227 — 3z3 +6x6—61n(1+x6)+0.

Using integration by parts,

blnxd —Inz]’ lnb+{ 1 r Inb 1 +1
—adxr = —_ - PR —_ - —
13 2x? 2933 2b? 42?14 202 4?4
© Inx blnx Inb 1 1 1
Thus, /1 de = blggo . ?dx = blirglo (—2[)2 ~ I + 4> =7
Inb 3 1
since by L’Hopital’s rule, hm B2 fim b = lim - = 0.

oo 2b2 b—oo 4h  b—oo 4b2

The inequality clearly holds when x = y. Let  and y be distinct nonnegative
numbers. Without loss of generality, we may suppose 0 < x < y. The function
f(t) = e " is continuous on [z, y] and differentiable in (z,y) with f'(t) = —e".
By Mean Value Theorem, we have e™¥ —e™® = —e~¢(y—x) for some cin (z,y).
Since ¢ > 0, we have e~ ¢ < 1. Consequently,

e — e[ =le"llr —y| <[z —yl.



6. (a) By Fundamental Theorem of Calculus and the Chain Rule for differentiation,
we have

d/‘ﬂﬁ2 1 @t 1 5 1
P — 2y - —
dx sinz 1 + t4 1 + ($2)4 1 + sin4 x

- COS .

(b) First f'(z) = 3(1+ )2, f"(z) = 2(1+2)7, and f"(2) = (1 +2)~2. Thus
f(0) =1, ! /1!0 ) = %, and £ "2(!0) = 18—5. Therefore the Maclaurin polynomial of
degree 2 is given by

5) 15
1 + §$ + §I2,

and the remainder is Ry(z) = (1 + ¢)~ 2%, where ¢ is between 0 and .

Section B

7. (a) Substituting x = 1 into the given inequality, we get f(1) = 2. Therefore,
20 —2 < f(z) — f(1) <2 —1 forall z in (0,2).
For 0 < x < 1, we have

2x—2>f(x)—f(1)>x2—1
r—1 = ax-1 T r—1

or equivalently,

2> M >z 41
r—1
— f(1
Thus, by Squeeze Theorem, 111}1 M =2
r—1- xr —
—f@1
Similarly, for 1 < z < 2, we have 2 < f(x){() < x+ 1. Again by Squeeze
x JR—
— (1 — (1
Theorem, lim M = 2. Consequently, /(1) = lim M = 2.
x—1t r—1 z—1 z—1

(b) Note that ¢ is continuous on R. By Fundamental Theorem of Calculus,
F(z) = / f(t)dt is an anti-derivative of f.
0

T T 1
For x <1, / f(t)dt = / 2t dt = x*. In particular / f(t)dt =1.
0 0 0

For 1<z <2, /Ozf(t)dt:/Olf(t)dtnt/le(t)dt
=1+/1x(t2+1)dt

1 4
=14+’ +o— -
3 3
1 4 1
=zr+r— 3.

3 3



()

=—4+ [ (t+3)dt
3 2
_ ! 2—!—3:16—E
— 2" 3
Therefore,
x? if x <1
F(z) = %x3+x—é ifl<z<2.

stP+3r—4 if2<u

LA T - i 2 1
din 2 vt =) = Jim ) - s
1
:/ V1 —z2dx =
0

3
2

(1)

o 3

8. Note that the domain of f is R\ {—4}. Since f is a rational function, it is
differentiable at each point in its domain. Let’s first compute f’(z) and f”(x).
We have

(a)

(b)

422 - 3)
(22 4+1)3

16(2x — 5)

f(x) = IR

and f"(z)=—

When z =0, y = f(0) = 2, and when y = 0, x = % Thus, the z-intercept is
% and the y-intercept is 2.

42z — 3)
(2x +1)3

f'(x) =

at r =

=0 if and only if x = % Therefore, f has a critical point

3
2

From the expression of f'(z), we see that f/(z) > 0 for z in (—oco, —3) U (2, o0)

and f'(z) < 0 for z in (—3,3). Therefore, f is decreasing on (—3,3] and is
increasing on (—oo, —1) U [2, 00).
By the first derivative test, f has a local minimum at z = % and f (%) = —i.

From the expression of f”(z), we see that f”(z) < 0 for > 5 and f”(z) > 0
for z < 2 and © # —3.

Thus the graph of f is concave downward in (
(o0, -3 U (-5,3)

Setting f”(x) = 0, we see that f”(x)
graph of f is concave upward in (—

5

5,00) and concave upward in

0 if and only if = 2. From (e), the
) and concave downward in (3,00). So

Nt

1
2



there is a change of concavity of the graph of f at x = g Consequently, there

is a point of inflection of the graph of f at x = g

2—4 2z -1
(g) lim f(z) = 9611—>I£I0(2m—|—f) = :Ch_)rgo(;:_ij; = 0. Similarly, lim_ f(z) = 0. There-
fore, y = 0 is a horizontal asymptote of “the graph of f.
2—4
Also hm flx) = xl_lgl% (2$+1x)2 = 00. Thus z = —% is a vertical asymptote

of the graph of f.
(h) The graph of f is shown below.

NI
Njw
N

NI

The graph of f(z) = (2 — 4x)(2z + 1)~2

9. (a) (i) Using the substitution x = 7 — ¢, we have
/Oﬂ zg(cosx)dr = /0( —t)g(cos(m — t)) (—dt)
—/ (m —t)g(—cost) dt
(7r —t)g(cost)dt  since g is an even function

= 7r/ g(cost)dt - /7T tg(cost)dt
0

0

/ xg(cosz)d —/ (cosx)
0

(ii) First, we have cos*(z) = { (1+ COS(QJZ))} = 1(1+2cos(2z) + cos?(2z)) =
1(1 4 2cos(2z) + 5(1 4 cos(4x))) = £(3 + 4 cos(2z) + cos(4x)).

Consequently,

Thus by (i), /chos‘*xdx = g/wcos4xdx
0 0



= 16/ 3 + 4 cos(2z) + cos(4x) dx
1 K

= 116 [3:B + 2sin(2z) + isin(élx) .

B 32

T 167

(b) (i) Let z > 0. By Mean Value Theorem, there exists ¢ in (0,z) such that
F(w) = f(x) — £(0) = f(c)z. Thus

ey @ = 1) f@)r— fer _ fla) - Fle)

2 2

(ii) Since f”(z) > 0 for all z > 0, f'(x) is increasing on (0,00). Thus
h/($) _ f’(l’) - f/(C)

Similarly, for x < 0, we have

ey @2 @) _ fl)r— @ _ @) - 1)

2 2 z

> 0 as > c¢. Therefore, h is increasing on (0, co).

where c is in (z,0). Therefore, h is increasing on (—o0, 0).

— f(0
Note that lim h(z) = lir%f(x) = lirr(l)f(x)g() = f'(0) =1 = h(0), so
r— T— €x T— xr —
that h is continuous at x = 0. Thus, A is increasing on R.

Remark An example of such a function f is f(z) = e* — 1.



